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I  INTRODUCTION 


This  repoi’t  develops  a  p robabil i ty- o f- binary- erro r  expression  for  a 
basic  binary- adapti ve-phase- shi ft-keyed  (BAPSK)  system.  The  error- rate 
expression  uses  the  mathematical  BAPSK  system  model  developed  in  Technical 
Report  2,  Part  I  on  thi  s contract  * ^  and  a mathemati cal  propagation-medium 
model  of  the  type  discussed  in  Technical  Report  2,  Part  II. ^  After  the 
probabili ty-of-error  expression  for  a  basic  BAPSK  system  has  been  devel¬ 
oped,  this  expression  is  modified  to  include  various  BAPSK  modifications 
(time  guard  band,  diversity,  delay  compensation,  and  others). 

The  propagation-medium  model  used  in  the  error-rate  expression,  which 
specifically  models  the  high-frequency  (HF)  propagation  medium,  is  dis¬ 
cussed  and  related  to  the  HF  propagation  medium.  The  pi. opagati on-medl  urn 
model  includes  additive  noise,  and  thus  it  models  the  additive  as  well  as 
the  dispersive  corruption  of  the  HF  propagation  medium 

Because  the  error-rate  expression  developed  in  this  report  is  rela¬ 
tively  simple,  the  probability  of  error  for  a  basic  BAPSK  system  is 

plotted  as  a  function  of  the  signal-to-noise  (S/N)  for  many  types  of  dis¬ 
persive  channels.  The  most  significant  feature  of  the  error-rate  curves 
is  that  the  probability  of  error  approaches  an  asymptotic  nonzero  value 
for  high  S/N.  This  asymptotic  value  is  determined  by  the  time-delay  and 
frequency- shi ft  structure  of  the  propagation  medium.  By  using  this 
asymptotic  value  of  the  probability  of  error,  the  sensitivity  of  the  basic 
BAPSK  system’s  error  rate  to  time  delays  and  frequency  shifts  is  analyzed. 

By  using  the  results  of  Technical  Report  3,^ a  basic  BAPSK  system  is 
compared  with  a  basic  binary-differential-phase-shift-keyed  (BDPSK)  and 
quaternary-differential-phase-shift-keyed  (QDPSK)  systems.  The  error-rate 
performance  of  a  BAPSK  system  is  found  to  be  degraded  by  frequency  shifts 
much  more  than  that  of  either  a  BDPSK  system  or  a  QDPSK  system;  however, 
at  low  S/N,  a  BAPSK  system  outperforms  BDPSK  and  QDPSK  systems.  The  per¬ 
formance  of  a  BAPSK  system  and  that  of  a  BDPSK  sy.stem  are  equally  sensitive 
to  time-delay  effects. 
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Heferences  are  given  at  the  end  '>f  the  rep.>rl . 
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II  THE  PROPAGATION- MEDIUM  MODEL 


This  report  uses  a  propagation-medium  model  of  the  type  discussed 
by  Stein, Bello, ^  and  Daly^  to  model  the  dispersive  corruption  of  the 
propagation  medium.  However,  the  model  used  in  the  error-rate  analysis 
is  specifically  related  to  the  HF  propagation  medium.  This  model  also 
includes  additive,  white,  Gaussian  noise  to  model  the  additive  corrup¬ 
tion  of  the  propagation  medium. 

The  output  of  the  propagation-medium  model  (see  Fig.  1),  yit)  [y(t) 
is  the  complex  representation  of  the  real-valued  output^  y(t)],  is  assumed 
to  be  the  sum  of  an  additive  noise,  n(t),  and  the  output  of  a  random  time- 
varying  linear  filter,  z(t)' 

y{t)  =  z(f)  +  n(0  .  (1) 


H  (t ,  f) 

_ ^ 

Z(t)  +> 

|n(t ) 

0-0172-173 

F.iG.  1  BLOCK  DIAGRAM  OF  PROPAGATION-MEDIUM  MODEL 


The  additive  noise,  n(t),  is  assumed  to  be  a  zero-mean,  stationary,  white 
complex^  Gaussian  random  process: 


S[n(t)]  =  0 


(2) 


Throughout  this  report  the  complex  representation  for  real  processes  discussed  in  Ref.  1  is  used. 

In  this  report  all  complex  random  fields,  processes,  and  variables  are  implicitly  assumed  to  have 
identically  distributed  (but  not  necessarily  statistically  independent)  real  and  imaginary  parts. 
All  random  variables  are  implicitly  assumed  to  have  statistically  independent  real  and  imaginary 
parts. 
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(3) 


<X> 

~  +  Af)]  exp  {-i27r/Ai} 

'  /  >  0 

=  < 

0  ,  /  <  0 

where  S^{f)  is  the  power  spectral  density  of  the  noise,  is  the  noise 
power  per  unit  bandwidth,  n*  is  the  complex  conjugate  of  n,  and  £[•]  is 
the  usual  expectation  operator.  The  use  of  a  zero-mea,z,  stationary,  white, 
complex  Gaussian  random  process  to  model  the  additive  noise  has  been  well 
j  ustif ied. ® 

The  output  of  the  time-varying  linear  filter 

z(i)  =  H(t,f)X(f)  exp  (i2nft)  df  ,  (4) 

where  the  Fourier  transform  of  the  channel  input, 

X(/)  =  fx(t)  exp  {-i2vft)  dt  ,  (5) 

and  the  time-varying  transfer  function  of  the  filter,  accounts  for 

the  time  and  frequency  scattering  of  the  input  energy.  The  time-varying 
transfer  function,  H(t,/),  is  assumed  to  be  a  zero-mean,  homogeneous,  com¬ 
plex  Gaussian  random  field.  Because  the  transfer  function  is  a  complex 
zero-mean,  homogeneous,  Gaussian  random  field,  its  statistics,  and  the 
statistics  of  its  output  for  a  known  input  are  completely  determined  by 
the  covariance  function  of  the  time-varying  transfer  function, 

/?jj(Af,A/)  =  +  At,/  +  A/)]  .  (6) 

This  model  for  a  time-varying  radio  channel  has  been  justified  by  Stein,'' 
Bello, ^  and  Daly.^  To  model  the  HF  propagation  medium,  it  is  necessary 
only  to  select  an  appropriate  covariance  function  for  the  homogeneous 
time-varying  transfer  function  or,  equivalently,  an  appropriate  scattering 
function, 

^i?jj(At,A/)  exp  (i27r[-XAt  +  rA/]  )  dAtdA/  ,  (7) 


for  the  time-varying  filter. 
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It  is  well  J<nown  that  the  HI'  propagation  medium  scatters  energy  dis¬ 
cretely  in  time.  This  HF  phenomenon,  commonly  referred  to  as  multipath, 
is  readily  evidenced  by  the  records  of  short-pulse  obi ique- inc idence 
ionosphere  sounder  links.  The  receivers  on  such  links  commonly  detect 
several  short  pulses  for  each  short  pulse  transmitted.  These  detected 
pulses  are  of  different  strengths  and  arrive  at  different  times.  The 
strengths  and  particularly  the  time  displacements  can  be  shown  to  correspond 
to  various  paths  or  modes  of  propagation.  A  suitable  model  to  explain  this 
multipath  phenomenon  only  is  a  medium  consisting  of  several  paths  each  with 
a  distinct  time  delay,  gain,  and  phase  shift.  The  output  of  such  a  medium, 

K 

y{t)  =  la.  exp  (i^.  )  X  (t  -  r.) 

fe  =  1  *  * 

(8) 

K 

=  2  a  x(t  -  T  ) 

A  =  1  '' 

where  \{t)  is  the  input  to  the  medium,  K  is  the  number  of  paths,  is 
the  time  delay  of  the  feth  path, 

a^,  =  exp  (i^^)  (9) 

is  the  complex  gain  of  the  feth  path,  Oj,  is  the  gain  of  I’ne  klh  path,  and 
6^  is  the  phase  shift  of  the  kth  path.  If  it  is  assumed  that  for  each 
path  a^ ,  the  complex  gain,  is  a  zero-mean,  complex  Gaussian  random 
variable^  with  variance 

etIaJM  =  ,  (10) 

the  strength  of  the  feth  path,  and  that  the  complex  gains  of  all  the 
paths  are  statistically  independent,  then  the  propagation  medium  is 
equivalent  to  a  zero-mean,  homogeneous,  (time-invariant)  Gaussian  ran¬ 
dom  filter  with  covariance  function, 

K 

=  2  0-2  exp  (i27rA/r^)  (11) 

k  ~  I 

^  The  assumption  that  the  complex  gain  of  each  path  is  a  (complex)  tero-mean  Gaussian  random  variable 
is  equivalent  to  the  assumption  that  the  gain  of  each  path  is  a  Rayleigh  random  variable  with  mean, 

£[a^]  =  {y/v/l'icr^  and  that  the  phase  shift  of  each  path  is  uniformly  distributed  on  the  interval  [o,2rr). 
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(11) 


K 

T  cr^  exp 
fe  =  l  *= 


(i277A/r^ ) 


and  thus  scattering  function 

K 

S„{k,r)  =  2  0-2  S{r  -  r  )S(\)  .  (12) 

n  *  ft 

Such  a  time-invariant  model  for  the  HF  propagation  medium  (consist¬ 
ing  of  energy  scattering  in  time  only)  is  unrealistic,  because  even  though 
it  accounts  for  frequency-selective  fading  and  intersymbol  interference, 
it  does  not  account  for  time-selective  fading,  for  interchannel  inter¬ 
ference  caused  by  the  propagation-medium  scattering  energy  in  frequency, 
or  for  the  continual  change  of  the  gain  and  phase  of  the  propagation 
medium  with  time.  Perhaps  the  best  example  of  the  presence  of  energy 
scattering  in  frequency  occurs  when  a  CW  tone  transmitted  over  an  HF  link 
is  envelope-detected.  The  variations  (in  time)  of  the  level  of  the 
envelope-detector  output  (a  phenomenon  referred  to  as  time-selective  fading) 
can  be  caused  only  by  the  propagation  medium  scattering  the  input  energy 
in  frequency.  If  the  propagation  medium  did  not  scatter  energy  in  fre¬ 
quency,  the  level  of  the  envelope  detector  output  would  not  change  with 
time.  Thus  a  comprehensive  model  of  the  HF  propagation  medium  must 
incorporate  energy  scattering  in  frequency  as  well  as  in  time. 

The  exact  nature  of  energy  scattering  in  frequency  does  not  appear 
to  be  well  known;  recent  work  at  Stanford  Research  Institute  seems  to 
indicate  that  the  HF  propagation  medium  tends  to  scatter  energy  in  dis¬ 
crete  packets  in  frequency  as  well  as  in  time.  That  is,  the  propagation 
medium  tends  to  shift  the  input  energy  by  several  distinct  (Doppler) 
frequencies. 

The  HF  propagation-medium  model  used  in  the  error-rate  analysis 
consists  of  several  paths,  each  path  having  a  distinct  complex  gain 
(gain  and  phase  shift),  time  delay,  and  frequency  shift.  The  output  of 
such  a  medium, 

K 

y{t)  =  “fc  (i2rr\^0  x  ( t  -  )  ,  (13) 

where  x{t)  is  the  input  to  the  medium,  K  is  the  number  of  paths,  k,  is 

i  ^  L 

the  frequency  shift,  is  the  time  delay,  and  e  *  is  the  complex 
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gain  (a^  is  the  gain  and  6^  is  the  phase  shift)  of  the  klU  path.  It  is 
again  assumed  that  for  each  path  the  complex  gain,  ,  is  a  zero-mean, 
complex,  Gaussian  random  variable  with  variance 

al  ,  (14) 

equal  to  the  strength  of  the  feth  path,  that  the  time  delay,  ,  is  known, 
that  the  frequency  shift,  ,  is  known,  and  that  the  complex  gains  of  all 
the  individual  paths  are  statistically  independent  of  each  other.  Under 
these  assumptions,  the  propagation-medium  model  is  equivalent  to  a  zero- 
mean,  homogeneous,  Gaussian  random  filter  with  covariance  function 

K 

^  (~i2xr[\^Ai  -  (15) 

“  1 

and  thus  scattering  function 

K 

Sh  (A,t)  =  2  o-^S(\  -  \  )h{r  -  r^)  .  (16) 

Note  that  the  propagation-medium  model  can  be  made  frequency-invariant 
(i.e.,  purely  time-selective)  by  setting  all  the  to  zero,  time- 
invariant  (i.e.,  purely  frequency-selective)  by  setting  all  the  to 
zero,  and  time-  and  frequency-invariant  (i.e.,  flat-flat  fading)  by 
setting  all  the  and  to  zero.  In  addition,  by  making  K  very  large, 
a  continuous  scattering  function  can  be  closely  approximated.  In 
analyzing  the  sensitivity  of  various  systems  to  time  delays  and  frequency 
shifts,  it  will  be  convenient  to  consider  time-invariant,  frequency- 
invariant,  and  time-and -frequency-invariant  propagation  mediums.  Time- 
and-frequency-iiivar iant  propagation  mediums  have  been  extensively  studied 
by  many  authors  In  the  literature,  the  time-and-frequency-invariant 

propagation  medium  model  is  referred  to  as  the  flat-flat  Hayleigh  fading 
channel  model. 

For  a  better  understanding  of  the  effects  of  time  delays  and  fre  - 
quency  shifts  upon  transmitted  signals,  a  particular  propaga ti on -med i urn 
model  is  now  discussed  in  more  detail.  This  particular  model,  which  is 
typical  of  many  ilF  channels  for  reasonable  time  intervals,  consists  of 
two  paths  each  with  a  distinct  and  constant  time  delay,  frequency  shift,  and 
complex  gain.  Let  the  input  to  the  propagation  medium  be  a  CW  tone  at 
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an  arbitrary  frequency,  f.  If  this  signal  is  denoted  by  its  complex 
representation , 

xit,f)  =  exp  {i2'nft)  ;  (17) 

the  output  of  the  propagation  medium  (neglecting  additive  noise), 

y{t,f)  =  exp  (i27rL/  -  Xjj  [r  -  Tj])-!- ^2  exp  (i27r[/ -  -  r2] )  ,  (J8) 

where  is  the  complex  gain,  is  the  time  delay,  and  is  the  frequency 

shift  of  the  feth  path.  If  the  output  of  the  propagation  medium  is 
envelope -detected,  the  output  of  the  envelope  detector, 

ly(f,/)l  =  lai!^+  2|aJ*|a2l  (  277  [/Ar  +  tA\]  +  A^) 

(19) 

where  the  differential  frequency  shift,  LX.  =  the  differential 

time  delay,  Ar  -  r t ^  and  the  differential  phase  shift, 

/ 

A0  .  X,r,  -  -  cos-  / 

Thus  the  output  of  the  envelope  detector  is  at  a  relative  minimum  (i,e., 
in  a  fade)  when  cos  [27r(/Ar  +  tZW)  +  A^]  =  -1  or ,  equivalently , 

Lktp  +  Lrfp  =  2  ” 

for  some  integer  n;  the  subscript  F  denotes  that  a  fade  occurs  at  that 
particular  time  and  frequency. 

In  a  time  -  frequency  space,  the  set  of  points  (fade  coordinates) 
satisfying  Eq.  (20)  is  a  series  of  parallel  straight  lines,  with  each 
integer  n  determining  one  straight  line  of  the  series.  Figure  2  is  a 
plot  of  a  typical  set  of  fade  coordinates. 

At  any  fixed  time,  the  fades  are  spaced  in  frequency  by  1/Ar, 

the  reciprocal  of  the  di f ferential  time  delay.  At  any  fixed  frequency,  /p, 
the  fades  are  spaced  in  time  by  1/AA.,  the  reciprocal  of  the  differential 
frequency  shift.  In  addition,  at  any  particular  time,  fp,  the  output 
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FIG,  2  TYPICAL  FADE  COORDINATES 


of  the  envelope  detector, 

ly(to,/)l^  =  2laJ‘la2l  cos  (27T/Ar  +  6^)  ,  (21) 

wheru  Oq  =  A0  +  2vlSK.t;^.  At  any  particular  frequency,  /q  the  output  of  the 
envelope  detector  is  again  of  the  same  form  as  Eq.  (19),  since 

ly(t,/o)l^’  =  +  132^  +  2|aJ'|a2l  cos  (27rAA.f  +  ^^ ) 

where  <pQ  =  +  277'/ qAt. 

The  results  of  this  digression  can  be  extended  to  a  more  general 
propagation  medium;  however,  the  spacing  of  fades  in  frequency  at  a 
fixed  time  is  still  determined  primarily  by  the  time  delays  of  the  paths, 
and  the  spacing  of  fades  in  time  at  a  fixed  frequency  is  still  determined 
by  the  frequency  shifts  of  the  paths. 
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This  discussion  has  been  partially  verified  experimentally  by 
Ames.^  The  experiment  consisted  of  transmitting  a  frequency-modulated 
signal  over  an  HF  link  and  simultaneously  determining  the  time-delay 
structure  of  the  link  by  using  an  oblique-incidence  ionosphere  sounder. 

The  received  signal  was  envelope-detected  and  spectrum-analyzed,  and  the 
output  of  the  spectrum  analyzer  was  plotted  as  intensity  in  a  time- 
frequency  space.  When  the  propagation  medium  consisted  of  two  paths, 
the  points  of  minimum  intensity  (i.e,, fades)  formed  straight  lines  similar 
to  those  in  Fig.  2.  In  addition,  at  any  fixed  time,  the  frequency  spacing 
between  (frequency-)  selective  fades  was  1/At,  the  reciprocal  of  the  dif¬ 
ferential  time  delay.  It  was  also  found  that  at  a  fixed  frequency  the 
spacing  in  time  between  (time-)  selective  fades  was  constant,  but  not 
correlated  with  1/Ar.  Because  no  measurement  of  frequency  shifts  was 
made  in  the  experiment,  the  time  spacing  between  (time-)  selective  fades 
could  not  be  correlated  with  the  differential  frequency  shift. 

In  an  extension  of  his  work,  Ames  considered  fade  patterns  in  a 
position  and  time  space. The  fade  patterns  in  the  position-and-time 
experiment  were  similar  to  the  fade  patterns  in  the  time-and- frequency 
experiment.  The  latter  experiment  indicated  that,  in  general,  most  space- 
diversity  antennas  are  not  uncorrelated.  Because  of  the  increased  com¬ 
plexity  in  the  mathematical  models  necessary  to  model  these  effects  (a 
scattering  function  of  many  more  dimensions  and  the  position  and  polariza¬ 
tion  of  the  diversity  antennas),  the  error-rate  analysis  considers  only 
(space-)  diversity  antenna  outputs  that  are  either  completely  correlated 
(identical)  or  completely  uncorrelated  (independent).  It  was  felt  that 
with  this  approach  the  performance  of  systems  using  (space-)  diversity 
outputs  that  were  neither  completely  correlated  nor  completely  uncorrelated 
could  be  approximated.  In  addition,  the  error  rate  is  bounded  above  by 
the  error  rate  for  identical  space-diversity  antenna  outputs. 

To  summarize  the  propagation-medium  model:  the  output  of  the  model 
is 


y(t)  =  f  H(t,f)X(f)  exp  {i2iTft)  dt  +  n(t)  ,  (23) 

—  CO 

where  X(/)  is  the  Fourier  transform  of  the  input,  n(t),  is  the  additive 
noise  which  accounts  for  additive  corruption  effects,  and  H(f,/)  is  the 
time-varying  transfer  function  of  the  channel  which  accounts  for  the 
ionospheric  dispersive  effects.  The  additive  noise,  n(t),  is  assumed  to 
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L- 


w 


be  a  stationary,  zero-mean,  complex,  Gaussian  random  process  with 


spectrum, 


A'o.  />0 

0,  /  <  0  , 


where  /Vq  is  the  noise  power  per  unit  bandwidth, 
ler  function. 


The  time-varying  trans- 


H(  t , /) 


2  a  exp  {i2TT[fr.  - 


where  K  is  the  number  of  paths,  is  the  complex  gain,  is  the  time 
delay,  and  is  the  frequency  shift  of  the  feth  path,  is  a  homogeneous, 
zero-mean,  complex  Gaussian  random  field  with  power  spectral  density 
(i.e.,  scattering  function), 


S„(\,r) 


I  crHik  -  k.  )8(t  -  t,  ) 


where  cr^  is  the  strength  of  the  feth  path.  The  complex  gains,  ,  are 
statistically  independent,  zero-mean,  complex,  Gaussian  random  variables 
with  variance  cr^]  the  time  delays,  ,  frequency  shifts,  k^ ,  and  strengths, 
cr^ ,  are  known,  as  well  as  the  number  of  paths,  K.  Because  of  the  special 
form  of  the  time-varying  transfer  function,  the  output  of  the  propagation 
medium  can  also  be  expressed  as: 


y{t)  =  exp  ii27Tk^t)  x(t-T^)+a(()  .  (2 

=  i 

The  random  filter  and  the  additive  noise  are  .statistically  independent. 
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Ill  BAPSK  SYSTEM  PROBABILITY -OF -ERROR  EXPRESSION 


This  section  develops  an  expression  for  the  probability  of  a  binary 
error  for  a  basic  BAPSK  system  operating  in  the  non- redundan t  mode. 

The  output  of  a  BAPSK  system  transmitter  x(t)i  which  is  described  in 
Sec.  Ill  of  Ref.  1,  is  the  input  to  the  pro pa  gat  ion -medium  model  discussed 
in  the  preceding  section.  The  output  of  the  propagation-medium  model, 

K 

y(t)  =  ^2^  exp  x  {t  -  )  +  n(0  , 


is  the  input  to  a  BAPSK  system  receiver,  which  is  described  in  Sec.  IV  of 
Ref.  1.^  Since  the  actual  probabi 1 i ty- o f- error  expression  is  complex  and 
difficult  to  calculate  (even  with  a  digital  computer),  a  convenient  and 
accurate  approximation  to  the  probability  of  error  is  found.  This  approxi¬ 
mation  is  valid  for  a  wide  range  of  systems  other  than  a  BAPSK  system,  and 
it  greatly  simplifies  the  computation  of  the  probability  of  error.  The 
p robabi 1 i ty- o f- e rrdr  expression  considers  errors  caused  by  dispersive  cor¬ 
ruption  (the  variations  in  time  and  frequency  of  the  complex  gain  of  the 
propagation  medium),  additive  corruption  (the  additive  noise  of  the  propa¬ 
gation  medium),  and  inherent  sel f- interference  (the  nonzero  information- 
tone  component  of  the  long- term- average  filter  output).  It  does  not 
consider  otlier  errors  caused  by  implementati ve  corruption  (the  malfunc¬ 
tioning  of  equipment). 

From  the  results  of  Ref.  1,  it  is  readily  apparent  that  the  nth  sub¬ 
system  of  the  BAPSK  system  will  err  in  the  transmission  of  the  itth  binary 
digit  of  the  nth  information  sequence  I?,  if,  and  only  if,  the  fcth  binary' 
digit  of  tlie  nth  estimated  information  sequence  is  not  equal  to 

Because  both  and  take  only  the  values  +1  and  “1,  the  probability 

of  error  in  the  transmission  cf  JJ, 


♦ 


In  Sec,  IV  of  this  report,  modifications  L^'oc.  VI  of  Ref,  ij  to  a  RAPSK  system  and  operation  in  the 
redundant  rntyie  are  incorporated  into  the  probabilityof^error  expression. 
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Preceding  Page  Blank 


P"  ^  =  Pr  {error  in  the  transmission  of  =  Pr  =  “ll 

(26) 

From  Eq.  (93)  of  Ref.  1,  one  finds  that  the  /eth  digit  of  the  nth 
estimated  information  sequence  (for  a  basic  BAPSK  system  operating  in 
the  nonredundant  mode), 

Jl  =  sgn  (C"  Re  ,{i7"(fe)y'’*(fe)})  ,  (27) 

where  is  the  feth  element  of  the  nth  binary  code-tone  sequence,  the 
long- term- average  filter  output, 

_  k-1 

y"ik)  =  I  P^y”(y)  exp  {aTlj  -  k])  ,  (28) 

J  =  -  00  ^ 

the  matched  filter  output, 

y^ik)  =  f  y.(t)  exp  (-i27T[f  -  A]  t  )  p  {t  ~  -  kT)  dt  ,  (29) 

-00  ^  ^ 


’+1  ,  X  >  0 

sgn  (a:)  =  <  ,  (30) 

-1  ,  X  <  0 

and  Re  (x)  denotes  the  real  part  of  x.  In  Eq.  (28),  P"  is  the  jth  binary 

element  of  the  nth  pilot-tone  sequence,  a  is  the  time  constant  of  the 
long- term- average  filter, I  and  1/T  is  the  signaling  rate  of  the  system. 

In  Eq.  (29), 

y^(t)  =  exp  {-ilvLt)  y  (O  ,  (31) 

is  the  output  of  the  propagation  medium  y(t),  hetrodyned  to  a  frequency 
A  cps  less  than  the  transmitter  output;  is  the  center  frequency  of  the 
nth  subsystem; 

1  ,  t  e  [-7/2  ,  7/2) 

pit)  =  ;  (32) 

Q  ,  ti  [-7/2  ,  7/2) 

I  If  tlie  long-term-average  filter  is  implemented  digitally  in  the  BAPSK  system,  is  constrained  to  take 
one  of  the  values  (1  -  2  ”j  where  n  is  an  integer. 
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and  tf,  is  the  BAPSK  system  synchronization  time.  The  probability  of  error 
can  thus  be  expressed  as: 


P"  .  =  Pr  illCl  Re  {iy"(it)y"*(iS:)]  <  O} 

or  equivalently  as: 

P"^,  =  Pr  {IICIY*Q\  <  0}  , 

where  the  column  vector^ 

y"(fe)' 

Y  = 

y"(fe) 


(33) 


(34) 


(35) 


the  row  vector  Y  is  the  transpose  and  complex  conjugate  of  Y,  and  the 
Hermitian  matrix 


Q  = 


0 


i 

0 


(36) 


The  probability-of-error  expression  can  also  be  expressed  in  the  form: 


P:  k  =  Pr  {l^qY*QY  <  ok  =  =  i.}  ,  (37) 

where  the  set  H  consists  of  all  possible  system  transmitter  states 
Each  system  transmitter  state,  consists  of  one  possible  set  of  values 

for  each  element  of  every  pilot-tone,  code-tone,  and  information  sequence. 
Since  the  set  3  has  an  infinite  number  of  possible  transmitter  states,  the 
probability  of  error,  as  expressed  in  Eq.  (37),  is  impossible  to  compute 
without  further  assumptions.  This  difficulty  will  be  ignored  for  the 
moment,  while  the  conditional  probability  of  error  for  a  given  input  state 


=  Pi-  {i;ClY*QY  <  ok} 


(38) 


The  superscript  n  and  the  argument  k  of  the  vector  Y  have  been  suppressed  for  simplicity. 
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is  considered  in  more  detail.  This  detailed  consideration  of  the  con¬ 
ditional  probability  of  error  eventually  leads  to  an  accurate  approximation 
of  the  probability-of-error  expression  that  essentially  eliminates  the 
infinite  summation  of  Eq.  (37). 

When  the  transmitter  state  is  known,  the  vector  Y  is  a  zero-mean, 
complex,^  Gaussian  random  vector,  because  each  of  the  components  of  the 
vector  Y  is  the  result  of  linear  operations  on  the  propagation-medium 
output  yit),  which  is  the  sum  of  two  zero-mean,  complex,  Gaussian  random 
processes.  The  statistics  of  the  vector  Y^  given  the  transmitter  state, 
are  thus  completely  determined  by  the  Hermitian  conditional  covariance 
matrix; 

K{^)  =  8[YY*k) 

(39) 

where 


S[|y'’(fe)l^  k']  , 

(40) 

II 

Ur  {k)y’'\k)  \g]  , 

(41) 

eilyU)]'  ki  . 

(42) 

dily  verif 

ied  that  there  is  a  matrix 

[/((^)3'^  such  that 

K{^)  = 

(43) 

where  [/((^)]  is  the  transpose  and  complex  conjugate  of  [/((^)]^.  Now 
by  assuming  that  the  matrix  Ii{^)  is  nonsingular§  one  finds  that  the  vector 

Z  =  U(^)1"^2Y  ,  (44) 


^  All  zero-mean,  complex,  random  vectors  considered  in  this  report  are  implicitly  assumed  to  have  components 
with  statistically  independent,  as  well  as  identically  distributed,  real  and  imaginary  parts.  This  as¬ 
sumption  is  consistent  with  the  complex  representation!  used  in  this  report.  An  immediate  result  of  this 
assumption  is  that  for  any  vector  the  zero  matrix.  (X^  IS  the  transpose  of  X);  thus  the 

second-order  statistics  of  X  are  completely  determined  by  £[A'A’*]  ,  the  covariance  matrix  of  the  vector. 

^  The  probability-of-error  expression  developed  here  is  applicable  even  when  K{^)  is  singular.  The  de¬ 
velopment  of  the  probability-of-error  expression  is  conceptually  the  same,  but  much  longer,  when  A'(^)  is 
singular;  therefore  this  development  is  not  included. 
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where  [K{^)]  ^  denotes  the  inverse  of  [K{^)]'^,  is  a  zero-mean,  complex, 

Gaussian  random  vector  with  covariance  matrix. 


1  0 


0  1 


=  I  , 


equal  to  the  identity  matrix.  The  conditional  probability  of  error  can 
now  be  expressed  in  terms  of  the  vector  Z: 

=  Pr  {Z*Q"(f)Z  <  0}  ,  (46) 

where  the  Hermitian  matrix 

Q"{^)  =  .  (47) 

It  is  well  known, ^  that  there  are  matrices  A(^)  andP(^)  such  that: 

Qlii)  =  P(^)*A(#)P(^)  ,  (48) 

P{i)Pi^)*  =  /■  ,  (49) 

and  A(^)  is  a  diagonal  matrix  with  the  real-valued  diagonal  elements  being 
the  eigenvalues  of  the  matrix  Q^(^)  [i.e.,  the  roots  of  the  equation 

|AI-Q^(^)1  =  0  ,  (50) 

where  |/l|  denotes  the  detern ..nant  of  A] .  Therefore  the  conditional  proba¬ 
bility  of  error, 


where  the  vector 


P^  ,,  (.f)  =  Pr  {W*A(^)W  <  0) 


=  P(^)Z 


is  a  zero-mean,  complex,  Gaussian  random  vector  with  a  covariance  matrix 
equa.1  to  the  identity  matrix,  I. 
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By  expressing  the  conditional  probability-of-error  expression  in 
terms  of  the  components  of  the  vector  W,  and  Wj ,  and  the  eigenvalues 
of  the  matrix  and  one  finds  that  the  conditional 

probability  of  error, 


=  Pr  <  0} 


=  Pr 


-  < - 


W, 


i2  k^ii) 


=  Pr 


f  2 


<  - 


k^i^)' 


(53) 


where  the  random  variable  /2  =  Iw^l  /Iwjl  is  “F-distributed”  with  pa¬ 
rameters  m  =  n  =  2}^  The  probability  density  of 


pifo) 


(1  +  /2)"‘  .  /2  >  0 

0  .  /o  <  0 


(54) 


and  thus  the  conditional  probability  of  error, 


~kJi) 


(1  + 


k^(^)  -  k^i^) 


(55) 


The  conditional  probability-of-error  expression  implicitly  assumes 
that  \j(^)  and  "A-g  (^)/A.j (^)  are  positive;  to  verify  these  assumptions  one 
must  compute  the  eigenvalues  of  Q^(^).  The  eigenvalues  of  Q^(^)  satisfy 
Eq.  (50);  however, 

\ki  -  (?"(^)|  =  |\i  - 

^  \ki  -  iiciKiml 

=  \2  _  ^jr„  [CIK{^)Q]  +  k(^)Q|  ,  (56) 

where  tr  [d]  denotes  the  trace  of  the  matrix  A.  Noting  that 
U(^)qI  =  k(^)||(?|  =  -U(^)|,  one  finds  that 
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^l(^) 


q  tv  [ClK{^)Q] 
2 


{l  +  [l  + 


I"  tr  [ClK{i)Q] 

2 


{1  -  [l  + 


and  the  conditional  probability  of  error, 


(57) 


(58) 


pn 


[1  +  4/?"^(^)]‘^ 


where  the  conditional  hard- litni ter  input  S/N 


RiS) 


tr^  [/((^)Q] 


(59) 


(60) 


The  assumption  that  nonnvogati ve  is  equivalent  to  the 

assumption  that  \K{^) \  >  0;  however,  K{^)  is  a  valid  covariance  matrix, 

and  therefore  i/((^)!  >  0.  Hence  the  assumption  that  “A.2 (^)/^l (^)  is  non¬ 

negative  is  valid. 

The  assumption  that  ^j(^)  is  positive  is  equivalent  to  the  assumption 
that  q  tr  [q/((^)Q]  is  positive,  but  the  trace  of  ClK{^)Q  is  the  expected 
value  (given  the  transmitter  state)  of  the  quantity  QY  which  is  com¬ 

pared  with  the  zero  threshold  (i.e.,  the  input  to  the  hard  limiter)  in  the 
final  stage  of  a  BAPSK  system  receiver: 

tr  {C'IK{<^)Q}  =  8[C"Y  QY  1^1  .  (6i) 

The  /jth  element  of  the  nth  estimated  information  sequence,  I"  is  +1,  if 

C^Y  QY  is  greater  than  zero;  if  C'^Y  QY  is  less  than  zero,  then  q  is  -1. 

Obviously,  if  the  system  is  to  perform  satisfactorily, 

I^8[qY*QYk]  =  q  tr  [CIK(^)Q}  must  be  nonnegative.  If  q  tr  [CIK{^)Q] 
is  negative,  the  conditional  probability  of  error  is  greater  than  1/2: 

P  ^(^)  =  yd  tl  4/?"^^)]"^'^  ,  for  IltriqK{OQi<0  •  (62)- 
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A  completely  general  expression  for  the  conditional  probability  of  error, 
which  accour.  for  the  unlikely  event  that  tr  [C^/^(^)Q]  is  negative,  is 

i  tC"/^(^)Q])[l  +  (63) 

For  P”  ^  l/4>  the  conditional  probability  of  error  can  be  con¬ 

veniently  and  accurately  approximated  by  the  inverse  of  the  conditional 
output  S/N: 

PI  ,(^)  =  R~H^)  =  - i—  .  (64) 

tr2  {Ki^)Q} 

Because  large  conditional  probabilities  of  error  result  in  a  high  unconditional 
system  error  rate,  on ly va lues  of P" ^ <  1/4  are  of  interest  for  most  prac¬ 
tical  applications.  Thus,  for  practical  applications,  can  be  used  as 

an  accurate  approximation  to  the  conditional  probability  of  error.  It  can 
be  readily  verified  by  inspection  that  is  an  upper  bound  on  the  con¬ 

ditional  probability  of  error  for  P"  (<f)<3/4^;  thus,  with  almost  certainty, 
one  can  use  as  an  upper  bound  on  the  conditional  probability  of  error. 

This  approximation  to  (or  bound  on)  the  conditional  probability  of  error  and 
tlie  observation  that  IJJ  tr  {C^/(’(i)Q}  are  employed  in  the 

mathematical  justification  of  the  approximation  that  alleviates  the  diffi¬ 
culties  in  the  infinite  summation  of  Eq.  (37);  an  intuitive  justification 
of  the  approximation  is  presented  initially,  however. 

The  (unconditional)  probability-of-error  expression  for  the  basic 
BAPSK  system  as  given  by  Eq.  (37),  can  also  be  interpreted  as  an  expecta¬ 
tion  over  the  transmitter  state  of  the  conditional  probability  of  error: 

Pl.k  =  >  (65) 

where  the  transmitter  state  (i.e.,  the  values  of  all  the  binary,  pilot- 
tone,  code-tone,  and  information-sequence  elements)  is  assumed  to  be 
random.  The  natural  distribution  to  ( ssume  for  the  transmitter  state  is 
a  Bernouli  distribution — all  the  elements  of  all  the  sequences  are  sta¬ 
tistically  independent,  and  Pr  =  l}  =  Pr  {P^  =  l}  =  Pr  {C^  =  l}  =  1/2. 


1 


Unfortunatel y, 
error. 


for  P’1  ^(4)  1/4,  is  a  poor  approximation  to  the  conditional  probability  of 
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4 


Tiiis  assumption,  which  is  a  standard  assumption  in  almost  all  error-rate 
analyses,  is  made  in  this  analysis  also.  An  immediate  result  of  this 
assumption  is  that  the  probability  of  error  and  conditional  probability 
of  error  are  independent  of  k]  thus  P"  i.  (^)  =  P"  =  P"(^)- 

Because  the  expectation  expressed  in  Bq.  (65)  is  tremendously  diffi¬ 
cult  to  evaluate,  it  will  be  approximated.  The  probability-of-error 
approximation,  P" ,  which  is  essentially  the  approximation  used  in  Ref.  3, 
is  to  replace  by  S[  |/((^)  |  ]/S[tr"  [/((^)Qj]  in  the  conditional 

probability-of-error  expression 


pn 


if,  1.  .  .  eLk(^)|]  1"^ 

-  1  -  <1  +  4  - 

2  [  I  £[tr^ 


(66) 


This  is  an  engineering  approximation.  It  can  also  be  intuitively  justified 
for  phase-shift-keyed  systems:  there  exists  an  actual  transmitter  state, 
such  that  S[|j((^)|]  =  q)  ,  £[tr^  [/((^)Q]]  =  tr^  [A’(^q)Q],  and  thus  P"  is 
the  actual  probability  of  error  for  a  particular  transmitter  state. 

In  this  report,  the  approximation  is  mathematically,  as  well  as  in¬ 
tuitively,  justified  for  error  probabilities  of  practical  interest.  For 
these  values  of  the  probability  of  error,  the  conditional  probability  of 
error  is  closely  approximated  by  (and  bounded  above  by,  for 
P"(^)  <3/4)  thus  the  probability  of  error  is  closely  approximated 

(and  almost  certainly  bounded  above)  by 

8[/?"U^)]  =  R'^  =  P"  .  (67) 


This  expression  for  the  probability  of  error  is  simpler  to  compute  than 
Eq.  (65);  however,  the  computation  is  still  difficult.  The  probability- 
of-error  approximation  used  in  this  report  (and  in  Ref.  3),  P" ,  can  also 
be  closely  approximated  for  P"  <  1/4  (and  bounded  above  for  P"  <  3/4),  by 


g[U(^)l3 

8[tr2  [K{^)Q]] 


(68) 


Thus  for  error  rates  of  practical  interest,  the  expected  value  of  R 
is  being  approximated  by  8[  |/((^)  |  ]/8[tr^  [/((^)Q]3;  the  ratio  of  the 
expected  values  of  k(^) |  and  tr^  [K(^)Q] 
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(69) 


R~^ 


k(^)l 

tr2  [Ki^)Q] 


g[k(^-)l3 

_S[tr2  U(^)Q]3 


The  quantity  tr^  l.K{i)Q]  =  S^(C^Y*QYk]  is  the  expected  value  (given 
the  input  state)  squared  of  the  quantity  compared  with  a  zero  threshold 
in  the  receiver;  it  is  readily  apparent  that,  if  the  system  is  performing 
satisfactorily,  this  quantity  changes  very  little  as  the  transmitter 
state  changes: 

^  (70) 


where  the  variation  in  tr^  [/((^)Q] 


cri^)  =  tr2  [K{^)Q]  -  8[tr2  [/((^)Q]]  .  (71) 

The  variations  in  tr^  iK{^)Q]  will  be  primarily  caused  by  the  variations 
in  the  self- interference  (dispersive  interchannel  and  intersymbol  inter¬ 
ference  and  inherent  sel f- interference ) .  These  changes  resulting  from 
the  sel f- interference  must  obviously  be  much  smaller  than  the  “signal 
portion”  of  tr^  iK(i)Q]  if  the  system  is  performing  satisfactorily.  The 
signal  portion  of  ti^  [/((^)Q]  does  not  change  significantly,  because  the 
expectation  over  the  propagation  medium  has  removed  all  instantaneous 
fading  and  noise  effects,  and  because  the  system  is  balanced — if  self- 
interference  effects  are  ignored,  tr^  {K{i)Q)  is  essentially  independent^ 
of  whether  I"  =  +1  or  =  -1. 

Because  tr^  changes  very  little  and  tr^  [/((^)Q]  »  0 

g[k(^)|]/8[tr2  [K{^)Q]]  is  a  reasonable  approximation  to 
8[k(^)|/tr2  U(^)(?]].  For  all  values  of  practical  interest,  the  prob¬ 
ability  of  error  is  equal  to 


f 


The  scattering  function  of  the  propagation  medium  must  be 
strictly  true  (see  Ref.  17). 


symmetric  about  the  origin  for  this  to  be 
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R~^  =  8  ^ 

\Ki^)\  1 

8[tr2  [KU=)Q]]  T  -(f) 

^  J 

8{U(f)|}  8[r‘(^)cr{^)] 

8{tr2  [/f(f)Q]}  8{tr2  U(^)Q]} 

8[r'(f)o-(^)] 

8{tr2  [Ki^)Q]) 

equivalently,  the  error  in  approximation 

8[fl'^(^)cr(g)] 
S{tr2  [K{i)Q]} 


but  by  using  the  Schwartz  inequality,  one  finds  that 


(72) 


(73) 


<  e[/l-^(^)3e[cr^(f)] 

8{tr2  U(^)Q]} 


Thus  the  relative  approximation  error 


(74) 


\R'^  -  rM  ^  R~H^)  ^ 
/?~i  “  /?-! 


8{tr2  U(f)Q]}’ 


(75) 


however,  <  1  and  cr2^/8[tr2  IK(S)Q]]  «  1.  Thus  the  relative 

approximation  error 


\R~^  -  fl'M 
R~^ 


<  1 


(7b) 


for  all  values  of  interest.  Because  P"  =  ,  the  probabi 1 i ty -of-er ror 

approximation  is  mathematically,  as  well  as  intuitively,  justified  for 
all  practical  values. 

At  this  point,  infinite  summations  are  still  present  in  the  approxi¬ 
mation;  however,  these  summations  can  now  be  evaluated  in  closed  form 
because  only  products,  rather  than  products  and  ratios,  of  random  vari¬ 
ables  are  involved.  Because  the  summations  are  relatively  easy  to 
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evaluate,  the  calculation  of  the  probability  of  error  is  greatly 
simplified.  This  simplification  is  nontrivial,  for  as  evidenced  by 
the  work  of  Bello, the  summations  of  Eq.  (7)  are  quite  difficult  and 
tedious  to  evaluate. 

Before  proceeding  with  the  evaluation  of  S[|/f(^)l]  and  S[tr^  [/f(^)]], 
one  should  note  that,  although  the  probability-of-error  expression  has  been 
developed  for  a  basic  BAPSK  system,  the  expression  is  valid  for  many  other 
binary  communication  systems  as  well.  All  binary  communications  systems^ 
that  compare  a  quadratic  form  Y  QY,  in  (two  complex)  Gaussian  random 
variables  with  a  zero  threshold  to  estimate  each  transmitted  information 
digit,  i.e.,  I  =  sgn  {Y  QY},  have  a  conditional  probability  of  error 

P,(f)  =  ^  -  sgn  [II  tr  [if(^)Q]][l  + 

=  forP^(^)  <  7  ,  (77) 

4 

where  the  conditional  covariance  matrix  K{^)  =  [YY  1^],  and  ^  is  the  trans¬ 
mitter  input  state.  The  probability  of  error  for  such  a  system, 
p,  =  S[p^(^)],  can  be  closely  approximated  by 

P,  =  i  {1  -  sgn  {8[ll  tr  [/((^)Q]])(1  +  (78) 


for  the  values  of  the  probability  of  error  that  are  generally  of  interest 
(P^  <  1/4),  the  probability  of  error  can  be  closely  approximated  by  R~ ^ , 
where  the  S/N  of  the  hard-limiter  input 


8[tr^  {K{^)Q}] 

S[U(f)|] 


(79) 


The  mathematical  justification  of  this  approximation  for  any  system  of 
this  type  is  essentially  identical  to  the  preceding  justification  for 
the  BAPSK  system. 


Standard  differential  phase-shift-keyed,  adaptive-differential  phase-shift-keyed,  and  frequency-shift- 
keyed  systems,  as  well  as  adaptive  phase-shift-keyed  systems,  are  all  of  this  type. 
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The  quantity  H  is  referred  to  as  the  hard-limiter-input  S/N  through¬ 
out  this  section  without  any  justification  being  given;  this  nomenclature 

* 

can  be  justified,  however.  Because  the  hard-limiter  input,  Y  QY,  is  the 
sum  of  the  transmitted  information  digit  times  a  random  signal  voltage 
and  a  random  noise  voltage, 

Y*QY  =  Ils  +  n  ,  (80) 

the  average  hard-limiter-input  signal  strength  is 

8[I^Y-QY]  =  S[s]  +  euin] 

=  S[s]  (81) 

since  S[l"n]  is  zero.  It  has  already  been  shown  that 

S[s]  =  S[tr  {IIK{^)Q}]  (82) 

for  a  BAPSK  system;  however,  Eq.  (82)  is  true  for  most  systems  having  a 
hard-limiter  input  vhat  is  a  quadratic  form  in  two  Gaussian  random 
variables. 

In  most  systems  of  this  type,  the  noise  portion  of  the  hard-limiter 
input  is  zero-mean;  thus  one  must  have  8[n^]  to  measure  the  noise  power 
in  the  hard-limiter  input.  The  average  signal-plus-noise  power  in  the 
hard-limiter  input  is  the  sum  of  the  average  signal  power  and  the  average 
noise  power  because 

8[(I"s  +  n)2]  =  8[s2]  +  8[n2]  +  28[l^’n] 

=  8[s2]  +  8[n2]  .  (83) 

In  most  systems  of  this  type  for  such  a  Gaussian  channel  as  that  described 
in  this  report,  s  is  a  Rayleigh  random  variable,  and  thus 

8[s2]  =  3{8[s]}2  .  (84) 
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Hence  the  avei-age  noise  power  in  the  hard- litni ter  input, 

S[n2]  =  mis  +  nf]  -  +  Iln]  =  S[(Y*Qy)'3  -  3Sni"Y*(:^  ;  (85) 

it  can  be  readily  verified  that 

S[(Y*QY)2]  -  sSHJ^yVI  =  48[|A'(^)!]  =  8[n2]  .  (86) 


Thus  R  is  indeed  the  hard-limiter-input  S/N. 

Returning  to  the  evaluation  of  a  BAPSK  system  probability  of  error, 
one  can  easily  show  that 

U(^)l  =  “  Ui2(^)l^  (87) 

and 

tr2  [K{^)Q]  =  4  Im^  ,  (88) 

where  Im  is  the  imaginary  part  of  fej2(^3*  After  defining  the 

random  “ correlation  field” 


J  ' 


I'  '  2 


Pi  Pi  8[y"(-;j  )>''’*(-;■)  If] 

}  I  J  2  ^ 


(89) 


one  can  easily  show  that  (see  Appendix  A) 


k(f)l  =  2  exp(-a7t;\+;2])  (*^0, o^;  y  "  rj-  o) 


(90) 


and 


tr^  [;((^)Q]  =  4 


2  exp  {-aTij .  +  J,  ]  )  Im  {r'l  q}  Im  {r"  q}  ; 

;i.72  =  1  ^1'  ^ 

(91) 


the  correlation  field  r"  .  ,  a  function  of  the  (random)  transmitter  state 
g,  is  defined  for  integer  values  of  n  between  one  and  N  and  for  nonnegative 
integer  values  of  and  j Thus  to  evaluate  the  probabi lity-of-error 
approximation,  Eq.  (78),  it  is  necessary  to  compute  the  second  moments 
of  the  correlation  field. 


In  Appendix  A,  it  is  shown  that  for  the  propagation-inodium  mo(Jel  of 
Sec.  II, 


•  f"-,  PI,  exp  -A?-,  !  + 

■'1^2  V4  -'l  l  •'2*2 


•  exp  {-i2v[ni^  -  +  ij,  +  m^)lp  {r^  +  \  +  m^)  , 


where  the  channel  gain, 


2:  . 

i  =1 


the  normalized  strength  of  the  feth  path 


the  normalized  time  delay  of  the  feth  path 


-  h 


the  normalized  frequency  shift  of  the  feth  path 


1/T  ’ 


/.  l~l  X  si"  ~  )  l~l  ^  X 

.X.  .X,  exp  (i7r\r)(l  -  |t|  ) - ;;; - : — ,  |t|  <  1 

\fj{T,X)  =  <  77A[1  -  {rli 

0,  1^1  >  1 


27 


I  ^ 


In  appendix  A,  it  is  also  shown  that  (after  neglecting 
than  the  intersymbol  and  interchannel  interference) 


exp  (2aT)  -  1 


AV  +  EG^  1  o'l 

fe  =  i  ^ 


1  \4)(t  +  I,  k  m)! 

{l.r,)¥(0.0)  * 


and 


e[tr2 


£2(^4  j2 


K 


1 
k  =  l 


2 


exp  (aT)  cos  ( 2jTki^ )  -  1 
exp  (2oiT)  -  2  exp  (ciT)  cos  (2nk^)  +  1 


where 


=  KC^r  2  X,)l'  +  «„'/■ 


k  =  l 


+  EG^T  1  al  1  \,r 


=  1 


( i .  *  )  ?:  ( 0 . 0 ) 


Thus  the  probabi 1 i ty-o C-error  (approximation) 


1-11+4 


eftr'-'  ’[A-(j)Q]]J 


where  8U(^)  |  and  8  tr^  {K{^)}  are  given  by  bqs.  (98),  (99), 


terms  smaller 

(98) 

2 

(99) 

(100) 

(101) 

and  (100). 
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IV  THE  PROBABILITY-OF-ERROR  EXPRESSION 
FOR  MODIFIED  BAPSK  SYSTEMS 


This  section  of  the  report  develops  a  probabiiity-of-error  expression 
(actually  an  approximation  to  the  probability  of  error)  for  modified  BAPSK 
systems.  These  modifications  are  the  modifications  discussed  in  Sec.  VI 
of  Ref.  1.  As  in  Ref.  1,  two  classes  of  modifications  are  considered; 
the  first  class  consists  of  modifications  to  a  BAPSK  system  that  can  also 
be  employed  in  systems  similar  to  a  BAPSK  system,  the  second  class  consists 
of  modifications  to  a  BAPSK  system  that  can  be  employed  only  in  a  BAPSK 
system  or  a  system  of  comparable  sophistication. 

A  very  simple  modification,  belonging  to  the  first  class  of  modifica¬ 
tions,  is  the  adjustment  of  the  subsystem  signaling  rate.  Because  the  sub¬ 
system  signaling  rate  is  not  a  fixed  parameter  in  the  error-rate  expression, 
Eq.  (101),  this  BAPSK  system  modification  is  already  included  in  the  error- 
rate  expression. 

Two  other  simple  modifications,  which  are  included  in  most  systems, 
are  time  synchronization  and  frequency  synchronization.  The  synchroniza¬ 
tion  time  shift,  of  a  BAPSK  system  is  very  slowly  varying,  and  thus 

it  is  essentially  constant.  Time  synchronization  is  already  included  in 
the  BAPSK  system  error-rate  expression;  as  can  be  readily  seen  from  this 
expression,  the  synchronization  time  shift,  t q,  is  merely  added  to  the 
time  delays  of  the  individual  paths.  Frequency  synchronization  or  auto¬ 
matic  frequency  control  (AFC)  can  be  readily  included  in  the  BAPSK  system 
error-rate  expression.  The  synchronization  frequency  shift  is  so  slowly 
varying  that  it  is  essentially  constant.  Because  the  synchronization 
frequency  siiift  is  essentially  constant,  it  can  be  included  in  the  scat¬ 
tering  function  of  the  channel  by  merely  adding  the  synchronization 
frequency  shift  to  the  frequency  shifts  of  the  individual  paths.  (If  the 
noise  is  not  white,  the  spectrum  of  the  noise  must  be  shifted  by  the 
synchronization  frequency  shift  also.  )  If  the  time  and  frequency  syn¬ 
chronization  of  the  system  are  operating  perfectly,  the  center  time  delay 
and  frequency  shift  of  the  propagation  medium  are  zero: 

•  0  (102) 

R  ~  I 
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0 


(103) 


K 


1 
k  =  l 


k 


Because  the  time  delays  and  frequency  shifts  of  the  individual  paths  of 
the  propagation  medium  are  not  fixed  in  the  BAPSK  system  error-rate  ex¬ 
pression,  time  and  frequency  synchronization  are  already  included  in  the 
error-rate  expression. 

For  alleviating  dispersive  self- inter ference  effects  caused  by  time 
delays,  time  guard  band  is  one  of  the  most  beneficial  modifications  that 
can  be  incorporated  into  a  BAPSK  system  or  similar  systems.  For  a  system 
transmitting  signaling  elements  of  length  T  +  A  with  a  time  guard  band 
equal  to  A,  it  can  be  readily  verified  that  one  merely  uses  in  Eq.  (101) 
the  values  of  Sl|K(^)|]  and  S[tr^  [/iL(^)Q]  ]  given  by  Eqs.  (B.5),  (B.6),  and 
(B.  7)  of  Appendix  B.  From  these  expressions  it  is  readily  apparent  that 
for  time-delay  spreads  less  than  A,  there  are  no  self-interference  effects 
caused  by  time  delays,  if  the  system  is  properly  synchronized. 

The  addition  of  diversity  receivers  is  another  frequently  employed 
modification  in  systems  like  a  BAPSK  system.  The  only  type  of  diversity 
considered  in  this  report  is  post-detection  combining  of  st.atistically 
independent  receii^er  outputs.  Only  statistically  independent  receiver  out¬ 
puts  are  considered  because  the  analysis  of  statistically  dependent  diversity 
receiver  outputs  is  complex  and  because  the  probability  of  error  for  depen¬ 
dent  diversity  operation  can  be  bounded  by  the  probability  of  error  for 
independent  diversity  operation.  The  diversity  receivers  can  be  displaced 
in  space,  frequency,  polarization,  or  time,  as  long  as  they  are  statistically 
independent. 


When  the  order  of  diversity  is  D,  it  can  readily  be  verified  that  the 
conditional  probability  of  error 


P,(D,^)  =  Pr 


i;Y;  (Jy,  <  0 


1, 


Pr 


(104) 


I  0 

d  =  l  “ 


<  - 


^2(f) 
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where  the  subscript  d  denotes  the  appropriate  diversity  receiver,  the 
eigenvalues,  and  are  given  by  Eqs.  (57)  and  (58),  and  the  random 
variables,  and  y^,  are  statistically  independent,  complex,  Gaussian 
random  variables.  However,  it  is  well  known  that^^ 


has  an  F  distribution  with  parameters  m  =  n  =  2D.  Thus  the  conditional 
probability  of  error 


PAD,<^) 


r(2D)  / 


r2  ;  r. 


/  7\  \  /  t  I  /*  \  4 

^U)  (i  T  j; 


r(2D) 


.1  / 


\  -(/)+/ )1 


(105) 

but  Pj(l,^)  =  P^{^)  =  (l  ~  ^.  (^)  A2  hence  [see  Appendix  B]  the 

conditional  probability  of  error  for  Dth-order  diversity 


r(2D)  i  1 

P.iD,^)  - - - 

Pto)  I  /">  J 


(106) 


where  the  constants 


1=1  D  +  l\l-j  l\  I  I 


(107) 


Figure  3  is  a  plot  of  P^{D,g)  as  a  function  of  P^{^). 

The  unconditional  probability  of  error  for  a  BAPSK  system  with  Dth- 
order  diversity. 


PAD) 


r{2D) 

vHd) 


|s[(PA^))'’]  +  .8[{-PAf))^^-'l|  .  (108) 
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For  relatively  low  orders  of  diversity  and  practical  values  of  P^{D), 
such  that  1  ^ 


P  (D) 

e 


r(2D) 

rHo) 


(109) 


however,  by  the  argunients  used  in  the  previous  section, 

p  (P)  r-(2/))  mK{i)\^] 

'  FHD)  e'^^HtvHKi^)Q]} 


(110) 


By  using  the  Schwartz  inequality,  it  can  easily  be  verified  that 
r{2D)/F'^{D)  P^^D  is  a  lower  bound  on  P^{D).  Because  P^{D,^)  is  a  deter¬ 
ministic  function  of  P^i'^)  for  any  system,  this  report  concentrates 
primarily  on  the  evaluation  of  the  (unconditional)  probability  of  error 
for  a  system  without  diversity.  The  benefits  accrued  by  adding  diversity 
are  essentially  the  same  for  any  system. 

The  transmission  of  If-ary  signals  is  not  included  in  the  error-rate 
expression.  The  approach  used  in  this  report  could  be  extended  to  in¬ 
corporate  il/-ary  signals;  this  extension  would  be  similar  to  that  used 
in  the  analysis  of  a  QDPSK  system  in  Ref.  3. 


The  second  class  of  modifications  are  those  that  can  be  made  only 
to  a  BAPSK  system.  This  class  of  modifications  includes  alterations  to 
the  long- term-average  filter  characteristic,  the  division  of  power  between 
the  information-tone  and  the  pilot-tone  portions  of  the  transmitted 
signals,  and  decision  feedback.  Other  modifications  are  essentially 
complete  system  changes. 


The  simplest  BAPSK  system  modification  (of  the  second  class)  is  the 
adjustment  of  the  timo  constant  of  the  long- term-average  filter.  This 
modification  is  actually  only  a  system  adjustment,  and  since  CL  is  noc 
fixed  in  the  probability-of-error  expression,  it  is  already  included  in 
that  expression.  Another  alteration  to  the  long- term-average  filter 
characteristic  is  delay  compensation  (see  Sec.  VI  of  Ref.  1).  One  can 
include  delay  compensation  in  the  probability-of-error  expression  by 
substituting 


1  exp  i-aT[j  +;,.])  S  [r"  r" 


r" 

; 


r"*  ] 
1  }  2'  ^ 
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3.3 


and 


8[tr2fe(^)Q]] 


00 

4  2  exp  (-ar[j,  +  .}] 


(112) 


in  Eq.  (101).  Delay  compensation  and  a  double-pole  long- term-average 
filter  can  be  included  by  substituting 


s[k(f)|] 


ca 

2  exp 

» J  o  ^ 


(-anji  +  j,])  S[: 


+  jni )  CLr;:  -v; 

2  J  >J  J  i>J  2 


./  J2> 


(113) 


and 


8[tr2[/f(^)Q]] 


4  2  j  j  exp  (-aT[;,  +;■  ])  8[lm{f^  Jlmir;  •}]  (114) 

J  l'^2  ^ 


in  Eq,  (101).  Similarly,  the  combination  of  long-term-average  filter  out¬ 
puts  of  adjacent  subsystems  and  the  division  of  pilot-tone  and  information- 
tone  power  can  also  be  included. 

Decision  feedback  is  the  only  modification  that  cannot  be  included 
easily.  The  inclusion  of  decision  feedback  in  the  probability-of-error 
expression  would  necessitate  major  theoretical  modifications  that  do  not 
seem  justified,  because  of  the  unknown  value  of  the  modification  itself. 
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V  CURVES  OF  THE  PROBABILITY  OF  BINARY  ERROR 


The  probability  of  a  binary  error  for  basic  BAPSK  and  BDPSK  systems 
(as  well  as  several  modified  APSK  and  DPSK  systems)  is  plotted  as  a  func¬ 
tion  of  the  S/N  in  Figs.  4  through  13.  In  each  figure,  the  curves  repre¬ 
sent  different  systems;  however,  all  the  curves  in  each  figure  are  for  the 
same  (propagation-medium)  scattering  function.  Different  figures  display 
probabi li ty-of- error  curves  for  different  scattering  functions.  The  ex¬ 
pression  used  in  computing  the  probability  of  error  for  various  systems 
is  actually  the  approximation  expressed  by  Eq.  (101)  of  this  report. 

Time  and  frequency  synchronization,  second-order  post- detection 
diversity,  and  the  transmission  of  quaternary  signals  by  DPSK  systems  are 
the  only  modifications  explicitly  included  in  the  probabi 1 i ty -o f- erro r 
curves.  By  proper  interpretation  of  the  curves,  however  one  can  approxi¬ 
mate  (or  bound)  the  effects  of  several  other  modifications  to  basic  BAPSK 
and  BDPSK  systems. 

In  each  figure,  the  probability-of-error  curves  labeled  K  are  fora 
basic  BAPSK  system,  as  described  in  Ref.  1;  the  curves  labeled  B  are  for 
a  basic  BDPSK  system,  as  described  in  Ref.  3.  These  systems  have  the  same 
signaling  period  T,  and  frequency  separation  between  subsystems  1/T.  The 
time  constant  of  the  BAPSK  system  long- term- average  filter  is  dT  =  0.1. 

This  value  was  chosen,  even  though  it  cannot  be  easily  implemented 
digitally,  because  it  offers  a  reasonable  balance  between  inherent  self¬ 
interference  and  frequency-dispersive  effects.  A  more  thorough  discussion 
of  the  effect  of  the  time  constant  appears  in  Sec.  VI. 

Because  the  center  time  shift  and  frequency  shift  of  each  of  the  scat¬ 
tering  functions  considered  are  zero,  time  and  frequency  synchronization 
are  essentially  included  in  all  systems.  The  curves  labeled  1(2  are  fora 
BAPSK  system  with  second-order,  post-detection  diversity  with  statistically 
independent^  diversity  inputs.  The  curves  labeled  B2  are  for  a  BDPSK 
system  with  second-order,  post-detection  diversity  with  statistically  in¬ 
dependent  diversity  inputs.  Thus  the  K2  and  B2  curves  are  lower  bounds  on 
the  probability  of  error  of  the  appropriate  system  with  second-ordei , 

^  All  diversity  inputs  are  implicitly  assumed  to  be  identically  distributed  in  this  report. 
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BINARY  ERROR  PROBABILITY 


FIG.  4  CURVES  SHOWING  PROBABILITY  OF  ERROR  AS  A  FUNCTION  OF  SIGNAL- 
TO-NOISE  RATIO 


Note:  All  BAPSK  system  curves  are  for  a  fixed  time  constant  (see  paragraph  3,  p.  35); 
for  a  discussion  of  the  effect  of  changing  the  time  constant,  refer  to 
paragraph  2,  p.  55. 
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BINfiRY  ERROR 


SIGNRL  TO  NOISE  RRTIO  -  DB  0-4,72., s 

FIG.  5  CURVES  SHOWING  PROBABILITY  OF  ERROR  AS  A  FUNCTION  OF  SIGNAL- 
TO~NOISE  RATIO 

Note:  All  BAPSK  system  curves  are  for  a  fixe(J  time  constant  (see  paragraph  3,  p.  35); 
for  a  discussion  of  the  effect  of  changing  the  time  constant,  refer  to 
paragraph  2,  p.  55. 
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BINRRY  ERROR  PROBnBILITY 


FIG.  6  CURVES  SHOWING  PROBABILITY  OF  ERROR  AS  A  FUNCTION  OF  SIGNAL- 
TO-NOISE  RATIO 

Note:  All  BAPSK  system  curves  are  for  a  fixed  time  constant  (see  paragraph  3,  p.  35), 
for  a  discussion  of  the  effect  of  changing  the  time  constant,  refer  to 
paragraph  2,  p.  55. 
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BINARY  ERROR  PROBRBI 
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SIGNAL  TO  NOISE  RATIO  -  DB  0-4.r2-.78 

FIG.  7  CURVES  SHOWING  PROBABILITY  OF  ERROR  AS  A  FUNCTION  OF  SIGNAL- 
TO-NOISE  RATIO 

Note:  All  BAPSK  system  curves  are  for  a  fixed  time  constant  (see  paragraph  3,  p.  35); 
for  a  discussion  of  the  effect  of  changing  the  time  constant,  refer  to 
paragraph  2,  p.  55. 


39 


BINRRY  ERROR  PROBfiBILITT 


SIGNAL  TO  NOISE  RATIO  -  DB 

FIG.  8  CURVES  SHOWING  PROBABILITY  OF  ERROR  AS  A  FUNCTION  OF  SIGNAL- 
TO-NOISE  RATIO 

Note:  All  BAPSK  system  curves  are  for  a  fixed  time  constant  (see  paragraph  3,  p.  35); 
for  a  discussion  of  the  effect  of  changing  the  time  constant,  refer  to 
paragraph  2,  p.  55. 
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CnSE  44 


SIGNAL  TO  NOISE  RATIO  -  DB 


0-4172-185 


FIG.  9  CURVES  SHOWING  PROBABILITY  OF  ERROR  AS  A  FUNCTION  OF  SIGNAL- 
TO-NOISE  RATIO 

Note:  All  BAPSK  system  curves  are  for  a  fixed  time  constant  (see  paragraph  3,  p.  35), 
for  a  discussion  of  the  effect  of  changing  the  time  constant,  refer  to 
paragraph  2,  p.  55. 
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IG.  10  CURVES  SHOWING  PROBABILITY  OF  ERROR  AS  A  FUNCTION  OF  SIGNAL- 
TO-NOISE  RATIO 

Note:  All  BAPSK  system  curves  are  for  a  fixed  time  constant  (see  paragraph  3,  p.  35); 
for  a  discussion  of  the  effect  of  changing  the  time  constant,  refer  to 
paragroph  2,  p.  55. 
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BINARY  ERROR  PROBABILITY 


SIGNAL  TO  NOISE  RATIO  -  OB 

FIG.  12  CURVES  SHOWING  PROBABILITY  OF  ERROR  AS  A  FUNCTION  OF  SIGNAL- 
TO-NOISE  RATIO 

Note:  Ail  BAPSK  system  curves  are  for  a  fixed  time  constan*  (see  paragraph  3,  p.  35;.' 
for  c  discussion  of  the  effect  of  changing  the  time  constant,  refer  to 
paragraph  2,  p.  55. 
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BINARY  ERROR  PROBABILITY 
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SIGNAL  TO  NOISE  RATIO  -  DB 


D-4172-17* 


FIG.  13  CURVES  SHOWING  PROBABILITY  OF  ERROR  AS  A  FUNCTION  OF  SIGNAL- 
TO-NOISE  RATIO 

Note:  All  BAPSK  system  curves  are  for  a  fixed  time  constant  (see  pa';agraph  3,  p.  35); 
for  a  d  iscussion  of  the  effect  of  changing  the  time  constant,  refer  to 
paragraph  2,  p.  55. 


post-detection  diversity;  the  curves  labeled  K  and  li  are  upper  bounds  on 
the  probability  of  error  of  the  appropriate  svstein  v,  i  th  second-order, 
post-detection  diversity. 

The  curves  labeled  Q  are  for  a  DPSK  system  that  transmits  two  binary 
digits  per  signaling  element  (i.e.,  a  QDPSK  systemM:  the  curves  labeled 
Q2  are  for  a  QDPSK  system  with  second-order,  post- detec L i on  diversity  and 
statistically  independent  diversity  inputs.  The  curves  labeled  Q  and  Q2 
can  be  interpreted  as  bounds  on  the  probability  of  error  of  a  QDP.SK  system 
with  second-order,  post-detection  diversity. 

Comparison  of  the  B  and  K  curves  seems  to  be  the  best  method  of  con¬ 
trasting  APSK  and  DPSK  systems,  even  though  commercially  produced  systems 
operate  at  various  signaling  rates  and  incorporate  various  modifications. 
If  a  comparison  of  the  B  and  K  curves  is  to  be  a  valid  comparison  of  the 
basic  concepts  of  the  two  systems,  the  systems  must  have  the  identical 
bandwidth,  signaling  rate,  number  of  subsystems,  transmitted  signal  power, 
and  modifications.  For  the  curves  of  Figs.  4  through  13  these  proper¬ 
ties  are  identical.  Neither  system  employs  such  modifications  as  time 
guard  band  or  A/-ary  signals;  modifications  of  this  type  should  not  enhance 
the  performance  of  one  type  of  system  any  more  than  the  performance  of  the 
other  type  of  system.  Perhaps  the  major  inequality  in  the  comparison  of 
the  two  systems  is  that  various  modifications  to  the  long- term- average 
filter  of  a  BAP3K  system  are  not  included.  In  particular,  delay  compen¬ 
sation  should  imp.'ove  the  performance  of  a  BAPSK  system  significantly. 

The  curves  labeled  Q2  are  the  probabi li ty-of- error  curves  for  a  DPSK 
system  transmitting  quaternary  signaling  elements  and  employing  (statis¬ 
tically  independent)  second-order  post-detection  diversity.  When  the 
outputs  of  different  subreceivers  (rather  than  those  of  space-  or 
polarization-diversity  receivers)  are  diversity  combined,  the  curves 
labeled  Q2  are  for  a  system  that  has  the  same  bandwidth,  signaling  rate, 
data  transmission  rate,-  and  transmitted  signal  power  as  the  basic  BAPSK 
and  BDPSK  systems,  which  have  probability-of- error  curves  labeled  K  and  B. 
Thus,  contrasting  the  B,  K,  and  Q2  curves  offers  a  valid  comparison  of 
these  basic  systems  (actually,  the  curves  labeled  Q2  are  for  a  modified 
DPSK  system).  The  curves  labeled  Q  are  for  a  QDPSK  system  without  di¬ 
versity;  thus  they  are  a  bound  on  the  performance  of  a  QDPSK  system  with 
second-order  post-detection  diversity  when  the  diversity  inputs  are  not 
statistically  independent. 

^  The  QDPSK  system  is  described  in  detail  in  Ref.  3. 


The  scattering  functions  used  in  computing  l  In-  (iiivcs  in  the  \iir  ioiis 
figures  have  been  normalized.  The  time  di^lays  arc  norma  I  i /.cd  bv  the 
signaling  period,  T,  of  the  systems;  tlic  frcciucncy  .shil't.s  aic  normalized 
by  the  frequency  separation  between  adjacent  subsy.stem.s ,  1/'/',  ol  the 

systems;  and  the  path  strengths  are  normalized  by  the  inveise  of  the 
channel  power  gain, 


(  1  1 .') ) 


^  2 
2.  cri 

k  =  \  ^ 


(G^  is  the  channel  powei  gain).  Thus  the  probabi  I  i  ty- o  f  -  er  ro  r  cur\e.s  for 
a  given  normalized  scattering  function. 


2  aH{k  -  Xj8{r  -  rj  , 


are  applicable  for  systems  using  a  signaling  period  T  and  a  channel  with 
power  gain  G"  and  an  (unnormalized)  scattering  function 


5jj(X.,r) 


kJT)B{r  -  r.T) 


(116) 


For  systems  with  a  signaling  period  T  and  a  channel  power  gain  G  ,  the 
actual  strength  of  the  kth  path,  cr^  =  G^aJ ,  is  G^  times  the  normalized 
strength  of  the  feth  path,  ;  the  actual  frequency  shift  of  the  kth  path. 

=  k^/T,  is  1/T  times  the  normalized  frequency  shift  of  the  feth  path, 
kj^;  and  the  actual  time  delay  of  the  kth  path,  =  r^T,  is  T  times  the 
normalized  time  delay  of  the  kth  path,  T  . 

The  normalized  scattering  function  is  aepicted  by  the  plot  in  the 
lower-left-hand  corner o f  each  figure.  For  each  path,  an  A  is  plotted  on 
the  r-F  plane;  the  size  of  the  X  is  proportional  to  the  normalized 
strength  of  the  path,  and  the  center  of  the  A'  is  located  at  the  point 


(T,F) 


{r.,kj 
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To  accomodate  a  wide  range  of  r  and  k  values,  the  7  and  F  axes  are  log¬ 
arithmic.  In  addition  to  the  plot  of  the  normalized  scattering  function, 
the  parameters  of  the  normalized  scattering  function, 
j!e  =  1 . K)  are  tabulated  in  Table  I. 


Table  I 

KEY  TO  FIGS.  4  THROUGH  13 


The  probability  of  Ijiiiary  erroi' 
for  each  system  i  .s  plotted  a.s  a  luiietioii 
of  the  receiver  input  .S/\'  (in  def  i  b<- 1  .s )  , 


SCATTEniNG  FUNCTION  PARAMETERS 


NU.MBER 

rk/T 

4 

1 

0 

0 

C 

1/2 

■2.5  X  10“2 

0 

1/2 

-2.5  X  10  2 

0 

1/2 

5  X  10~2 

0 

0 

1/2 

-5  X  10“2 

0 

7 

1/2 

io:j 
-10  ^ 

0 

1/2 

0 

8 

1/2 

0 

2.1  X  10“^ 

1/2 

0 

-2.5  X  10 

0 

1/2 

0 

2.5  X  lO"? 

1/2 

0 

-2.5  X  10  2 

10 

1/2 

1/2 

10^„ 

-10  2 

■io:2 
-10  2 

11 

1/2 

1/2 

2.5  X  10"2 
-2.5  X  10"2 

2.5  X  10"^ 
-2.5  X  10  2 

12 

1/2 

1/2 

2.5  X  10"^ 
-2.5  X  10“- 

5  X  10“2 
-5  X  10~2 

1/3 

2.5  X  10“2 

5  X  10l2 

13 

1/3 

-5  X  10  2 

1/3 

-2.5  X  10  2 

0 

=  10  log 
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where  the  power  gain  of  the  channel  i  .s 
=  I  0-2 

Jt  =  l 

unit  bandwidth  is  N 


the  channel  noise  power  per 


'0  ‘ 


and  the  trans¬ 
mitted  system  energy  per  signaling 
element  is  E. 


The  most  significant  feature  of  the 
probabi li ty- o f - er ro r  curves  is  that  the 
probability  of  error  does  not  approach 
zero  as  the  S/N  increases  (unless  there 
is  only  one  path  with  no  time  delay  or 
frequency  shift,  i.e.,  a  time-  and 
frequency- invari ant  channel).  Careful 
consideration  of  the  probabi 1 i ty- o f - 
error  expressions  shows  that  this  as¬ 


ymptotic  value  of  the  probability  of  error  (as  the  S/N  increases)  or  residual 
error  P^(oo),  results  from  the  dispersive  sel f- interference  (intersymbol  and 
interchannel  interference),  the  changing  (with  time)  phase  shift  of  the 
propagation  medium,  and,  in  a BAPSK  system,  the  inherent  sel f- interference. 

To  study  the  sensitivity  of  the  various  systems  to  the  dispersive  effects 
that  cause  this  nonzero  residual  error,  it  is  desirable  to  have  a  parameter 
that  is  indicative  of  the  performance  of  the  systems  and  essentially  inde¬ 
pendent  of  the  S/N. 


Careful  inspection  of  the  probability-of-error  curves  indicates  that 
the  curves  are  essentially  determined  by  the  time-  and  frequency- invari ant 
probability-of-error  curve  and  the  residual  error  Figure  14  illus¬ 

trates  the  determination  of  a  probability-of-error  curve  by  the  residual 
error  and  the  time-  and  frequency-invariant  curve.  At  large  values  of  the 
S/N,  the  probability  of  error  is  essentially  constant  and  equal  to  the 
residual  error,  because  the  operation  of  the  system  is  essentially  deter¬ 
mined  by  the  energy- scattering  effects  of  the  propagation  medium.  For 
S/N  such  that  the  time-  and  frequency-invariant  probability  of  error  is 


BINARY  ERROR  PROBABILITY 


SIGNAL-TO-NOISE  RATIO 


0-4172-174 


FiG.  14  DETERMINATION  OF  THE  PROBABILITY-OF-ERROR  CURVE  BY  THE 

RESIDUAL  ERROR  AND  THE  FLAT-FLAT  PROBABILITY-OF-ERROR  CURVE 


greater  than  the  residual  error,  the  probability  of  error  is  essentially 
equal  to  the  time-  and  f requency- i n vari an t  probability  of  error,  because 
the  performance  of  the  system  is  essentially  determined  by  the  additive 
noise  (rather  than  by  the  dispersive  effects).  Because  the  time-  and 
frequency- invari ant  p robabi 1 i ty-of- error  curve  is  independent  of  the 
residual  error, the  probability  of  error  for  various  scattering  functions 
is  es.sentially  determined  by  the  residual  error.  Thus  the  residual  error 
is  a  useful  parameter  for  study  of  the  sensitivity  of  various  systems  to 
scattering- function  parameters. 

Careful  analysis  of  P^{^)  for  a  variety  of  scattering  functions  in¬ 
dicates  that  it  is  relatively  insensitive  to  the  normalized  strengths  of 
the  paths  and  the  number  of  paths.  The  predominant  factors  determining 
are  the  maximum  differential  (normalized)  time  delay, 

Ar  =  max  (Ir-r, |}  ,  (119) 

;  ,  . K  ’ 

and  the  maximum  differential  (normalized)  frequency  shift, 

AV  =  max  {|\  -  X, |}  .  (120) 

;  ,  *  =  l . «  •'  '' 

When  the  maximum  differential  time  delay  and  frequency  shift  were  main¬ 
tained,  Pj('®)  decreased  somewhat  as  a  single  path  became  weaker  (i.e., 
as  the  normalized  path  strength  decreased)  and  as  the  number  of  paths  in¬ 
creased.  In  addition,  for  a  fixed  scattering  function  with  a  maximum 
differential  time  delay,  Ar^ ,  and  maximum  differential  frequency  shift, 

V 

is  essentially  equal  to  the  sum  of  P  (co)  for  a  scattering 

*\/ 

function  with  no  time  delays  and  maximum  differential  frequency  shift  A\q, 
and  P^(co)  for  a  scattering  function  with  no  frequency  shifts  and  maximum 
differential  time  delay  Ar^.  In  other  words,  for  tlie  systems  considered, 
the  residual  error,  P^(°°),  is  essentially  determined  by  the  maximum  differ¬ 
ential  time  delay  or  the  maximum  differential  frequency  shift. 

The  residual  error,  P^(oo),  was  calculated  for  various  scattering 
functions  consisting  of  two  equal-strength  paths  with  either  zero  differ¬ 
ential  time  delay  or  zero  differential  frequency  shift,  so  that  the 
sensitivity  of  the  various  systems  to  time  delays  and  frequency  shifts 
could  be  evaluated.  Figure  15  is  a  plot  of  P^(oo),  for  scattering  functions 
of  this  type,  as  a  function  of  the  normalized  differential  time  dola>. 
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At,  and  the  normalized  differential  frequency  shift,  AX..  By  using  the 
lower  horizontal  axis,  Fig.  15  is  a  plot  of  (<»)  as  a  function  of  A\ 
for  various  systems:  /f(X.)  denotes  a  basic  BAPSK  system:  /^2(X.)  denotes 
a  BAPSK  system  with  perfect,^  second-order,  post-detection  diversity.  By 
using  the  upper  horizontal  axis,  Fig.  15  is  a  plot  of  P^  (<®)  as  a  function 
0  f  At  f o  r  various  systems:  K{t)  denotes  a  basic  BAPSK  system;  K2(t)  de¬ 
notes  a  BAPSK  system  with  perfect,  second-order,  post- detection  diversity. 
The  curves  for  BDPSK  and  QDPSK  systems  are  the  same  for  both  the  lower 
and  upper  horizontal  axes  (Z\X.  and  At,  respectively).  The  curve  labeled 
J5[Q]  is  for  a  B[Q]  DPSK  system  with  no  diversity;  the  curve  labeled 
B2[Q2]  is  for  a  B[Q]  DPSK  system  with  perfect,  second-order,  post¬ 
detection  diversity.  The  curves  for  BDPSK  and  QDPSK  systems  are  applicable 
for  use  with  either  horizontal  axis;  however,  the  curves  for  a  BAPSK 
system  are  applicable  for  use  with  only  the  appropriate  horizontal  axis. 

All  the  BAPSK  curves  are  for  a  long- term- average  filter  time  constant, 

ar  =  0.1. 

For  a  valid  comparison  of  the  basic  concepts  of  the  systems,  the 
curves  labeled  P,/f(A)  or  K{r) ,  and  Q2  should  be  contrasted. 


1 


In  this  report,  perfect  diversity  inplies  diversity  with  statistically  independent  inputs. 
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VI  CONCF.USIONS 


The  relatively  simple  probabi li ty-of- error  expression,  Eqs.  (98) 
through  (101),  and  the  relationship  between  the  probability  of  error  and 
the  S/N  at  the  hard- limiter  input,  Eqs.  (82)  and  (85),  are  the  most  general 
contributions  of  this  report.  Since  the  probability  of  error  is  a  monotonic 
function  of  the  S/N  of  the  hard- limi ter  input  and  since  it  is  proportional 
to  the  inverse  of  this  S/N  for  practical  values  of  the  probability  of  error, 
the  relation  is  intuitively  satisfying.  Although  the  probabi 1 i ty - of - error 
expression  is  developed  specifically  for  a  BAPSK  system,  the  techniques 
employed  in  developing  it  are  applicable  to  a  large  class  of  digital  commu¬ 
nications  systems.  The  probabi li ty-o f-error  expression  developed  in  this 
report  is  of  value,  because  it  is  significantly  easier  to  compute  than  the 
expressions  of  other  authors.  It  is  interesting  to  note  that  the  BAPSK 
system  probability-of-error  expression  is  essentially  equal  to  the  sum  of 
three  other  error  probabilities  (See  Fig.  14):  the  probability  of  error 
for  a  time- and- frequency- i nvari ant  propagation  medium,  the  probability  of 
error  for  a  nonadditive  {i.e.,  the  additive  noise  is  identically  zero)  and 
time-invariant  propagation  medium,  and  the  probability  of  error  for  a  non¬ 
additive  and  frequency- invari ant  propagation  medium. 

Another  significant,  but  less  general,  contribution  of  this  report 
is  the  comparison  between  a  basic  APSK  system  and  a  basic  DPSK  system  pre¬ 
sented  in  the  probability-of-error  curves  of  Figs.  4  through  13-  As  can 
be  readily  seen  from  the  curves  of  Fig.  15,  the  performance  of  a  basic 
APSK  system  (with  signaling  rate  1/T)  and  the  performance  of  a  basic  DPSK 
system  (with  the  same  signaling  rate,  l/T)  are  equally  sensitive^  to  time 
delays;  this  is  not  surprising  because  the  time-delay  sensitivity  results 
from  dispersive  intersymbol  and  interchannel  interference  primarily,  and 
because  both  systems  are  equally  prone  to  dispersive  intersymbol  and  inter¬ 
channel  interference.  For  a  time-and-frequency-invariant  propagation 
medium  (or  a  propagation  medium  that  is  dominated  by  the  additive  noise) 
the  performance  of  an  APSK  system  is  better  than  that  of  a  DPSK  system. 

This  is  to  be  expected,  however,  since  an  APSK  system  makes  its  decision 
(as  to  whether  the  transmitted  binary  information  digit  was  plus  or  minus 

^  In  this  Sec.  the  performance  sensitivity  of  a  system  refers  to  the  sensitivity  of  the  probability  of  binary 
error  for  the  system.  One  system  is  said  to  be  more  sensitive  than  another  if  the  probability  of  a  binary 
error  for  the  system  is  larger  than  the  probability  of  a  binary  error  for  the  other  system. 
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one)  by  comparing  a  noisy  matched  filter  output  with  a  relatively  noise- 
free  long- term- average  filter  output,  while  a  DPSK  system  makes  its 
decision  by  comparing  two  noisy  matched- fi 1  ter  outputs.  For  a  time-and- 
frequency-invariant  propagation  medium,  the  performance  of  an  APSK  system 
approaches  the  performance  of  a  coherent  phase- shi f t-keyed  (CPSK)  system 
as  the  time  constant  of  the  long- term- average  filter  becomes  larger;  a 
CPSK  system  is  well  known^  to  be  the  optimum  system  to  combat  additive  Gaus¬ 
sian  noise.  Unfortunately,  the  long-term  averaging  that  makes  an  APSK 
system  performance  approach  the  performance  of  a  CPSK  system  for  a  noise- 
dominated  propagation  medium  also  makes  the  performance  of  an  APSK  system 
extremely  sensitive  to  variations  (with  time)  of  the  complex  gain  of  the 
propagation  medium.  This  performance  sensitivity  is  most  readily  evidenced 
by  the  residual  probability  of  error.  Fig.  15,  for  frequency-invariant 
propagation  mediums.  It  can  readily  be  seen  that  the  APSK  system  perfor¬ 
mance  is  much  more  sensitive  to  frequency  shifts  than  the  DPSK  system 
performance.  This  is  reasonable  because  a  DPSK  system  is  prone  to  complex 
gain  variations  during  only  two  signaling  intervals,  while  an  APSK  is 
prone  to  complex  gain  variations  during  1  signaling  intervals,  where 

is  the  time  constant  (in  signaling  intervals,  T)  of  the  long-term- 
average  filter. 

The  discussion  of  the  preceding  paragraph  has  been  concerned  with  the 
comparison  of  a  basic  APSK  system  and  a  basic  DPSK  system  when  both  systems 
have  an  identical  subsystem  signaling  rate  and  no  modifications  (other  than 
time  and  frequency  synchronization),  and  an  APSK  system  has  a  long-term- 
average  filter  time  constant  of  OCT  =  0.1.  Existing  APSK  and  DPSK  systems 
have  different  subsystem  signaling  rates  and  modifications;  in  addition,  the 
time  constant  (of  the  long- term- average  filter)  of  an  APSK  system  is  never 
equal  to  0.1.  One  can  glean  a  great  deal  of  information  from  the  comparison 
of  the  preceding  paragraph,  however. 

When  an  APSK  system  and  a  DPSK  system  have  the  same  signaling  rate,  tiie 
performance  of  a  basic  APSK  system  and  the  performance  of  a  basic  DPSK  system 
are  equally  sensitive  to  time-delay  effects,  while  the  APSK  system  perform¬ 
ance  is  more  sensitive  to  frequency  shifts  than  that  of  a  DPSK  system;  thus 
if  one  were  to  pick  an  optimum  sybsystem  signaling  rate  for  an  APSK  system, 
one  could  always  find  a  DPSK  system  (i.e.,  a  DPSK  system  having  a  subsystem 
signaling  rate  equal  tc  that  of  an  APSK  system)  that  would  perform  at  least 
as  well  as  an  APSK  system  for  dispersively  dominated  propagation  mediums. 
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Hence  comparing  an  APSK  sysLom  and  a  DPSK  system  with  the  same  subsystem 
signaling  rate  is  not  really  a  constraint.  Because  most  propagation  mediums 
are  time- varying,  the  optimum  subsystem  signaling  rate  of  the  DPSK  system 
would  be  less  than  that  of  the  APSK  system  (it  is  assumed  that  the  optimum 
subsystem  signaling  rate  is  the  rate  that  makes  the  system  equally  sensitive 
to  time-delay  and  frequency- shi ft  effects).  Note  that,  as  shown  in  Ref.  1, 
changing  the  subsystem  signaling  rate  does  not  change  the  data  transmission 
rate  of  the  system. 

As  discussed  earlier  in  this  section,  the  performance  of  a  DPSK  system 
is  more  sensitive  to  additive  noise  than  the  performance  of  an  APSK  system; 
however,  this  gain  is  only  for  large  values  of  the  time  constant  of  the  long¬ 
term-average  filter.  Computer  calculations  of  the  probability  of  error  for 
other  values  of  the  time  constant  indicated  that,  as  the  time  constant  be¬ 
comes  small,  the  noise  dominated  behavior  of  an  APSK  system  quickly  approaches 
that  of  a  DPSK  system;  in  addition,  increases  in  above  10  produce  little 

change  in  the  noi se- domi nated  performance  of  an  APSK  system.  The  same  com¬ 
puter  calculations  also  indicated  that  the  time-delay  sensitivity  of  an  APSK 
system  is  essentially  independent  of  the  time  constant,  and  that  the  frequency- 
shift  sensitivity  of  an  APSK  system  approaches  that  of  the  DPSK  system  as  the 
time  constant  is  decreased. 

The  modifications  that  can  be  made  to  both  an  APSK  system  and  a  DPSK 
system  have  essentially  the  same  effect.  The  effect  of  the  addition  of 
perfect  dual  diversity  is  indicated  by  the  probabi 1 i ty-of- error  curves  in 
Figs.  4  through  13.  It  can  readily  be  seen  from  these  curves  that  the  ad¬ 
dition  of  diversity  does  not  enhance  the  performance  of  one  system  more  than 
the  other;  however,  diversity  does  enhance  the  differences  in  the  (nondi¬ 
versity)  performance  between  the  two  systems.  It  can  be  readily  seen  from 
the  curves  that  diversity  is  a  very  beneficial  system  modification. 

As  noted  in  Ref.  1,  a  time  guard  band  is  one  of  the  most  beneficial 
system  modifications  for  the  purpose  of  alleviating  the  effects  of  disper¬ 
sive  intersymbol  and  interchannel  interference  resulting  from  time  delays. 

In  Ref.  3,  it  is  shown  for  a  DPSK  system  that  if  the  time  guard  band  is  A, 
then  the  effect  of  all  time  delays  of  magnitude  less  than  A  is  essentially 
negated.  From  Eqs.  (B-5),  (B-6),  and  (B-7)  of  Appendix  B,  it  is  readily 
apparent  that  if  the  time  guard  band  of  an  APSK  system  is  A,  then  the  effect 
of  all  time  delays  of  magnitude  less  than  A  is  negated  also.  This  negation 
of  the  time-delay  effects  results  in  a  slight  degradation  in  the  S/.N  and 
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in  the  data  transmission  rate  of  both  a  DPSK  system  and  an  APSK  system. 

Thus  the  time  guard  band  modification  does  not  benefit  or  degrade  the 
performance  of  the  APSK  system  any  more  than  it  does  the  performance  of 
a  DPSK  system. 

The  effect  upon  the  performance  of  an  ADPSK  or  a  DPSK  system  resulting 
from  the  transmission  of  M-ary  signals  can  be  readily  inferred  by  comparing 
the  probabili ty-of- error  curves  for  a  QDPSK  system  and  a  BDPSK  system  of 
Figs.  4  through  13.  These  curves  are  for  a  modified  DPSK  system;  however, 
the  effect  of  transmitting  quaternary  information  signals  in  an  APSK  system 
should  be  essentially  the  same.  As  indicated  by  Pierce,  20  diversity 
combining  the  independent  A/-ary  subsystems  does  enhance  the  system  perform¬ 
ance,  this  can  be  readily  seen  by  comparing  the  Q2  and  B  probability  of  error 
curves  in  Figs.  4  through  13.  A  QAPSK  system  with  diversity  combining  of 
the  outputs  of  independent  subsystems  should  show  the  same  performance 
improvement. 

Perhaps  the  major  inequality  of  the  system  comparison  is  that  several 
modi fiv.ations  that  can  be  incorporated  only  into  an  APSK  system  are  not 
included.  These  modifications  include  alterations  to  the  long- term- average 
filter  [delay  compensation,  double-pole  filter  characteristic,  and  aver¬ 
aging  of  the  outputs  of  adjacent  (in  frequency)  long- term- average  filters], 
decision  feedback,  and  the  division  of  power  between  information  and  pilot 
tones.  Delay  compensation  is  probably  the  most  beneficial  of  those  modifi¬ 
cations,  and  its  omission  is  unfortunate;  however,  most  of  these  modifica¬ 
tions  tend  only  to  make  the  performance  of  an  APSK  system  approach  that  of 
a  DPSK  system. 
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APPENDIX  A 


The  probabili ty -of -error  expression  is  expressed  as  a  function  of 
S[i/f(^)!]  and  £[tr2  {/f  (^)Q}]  in  Eq.  (78);  thus  to  evaluate  this  expression 
8[U(^^)1]  and  e[tvHKi^)Q}]  must  be  computed.  By  using  the  definitions 
of  determinant  and  trace  and  the  fact  that  is  real  and  (Pq)^  =  1,  it 
can  readily  be  verified  that 


(A.  1) 


e[tr2{/f(^)Q}]  =  4S[lm2{P"fe,,(^)}] 


(A. 2) 


where  [see  Eqs.  (28),  (40),  (41),  and  (42)] 


fcii(s')  =  e[ly"(0)l^  U'] 


I  ^  exp  (-aT[j\  + 

)  1  »  ./  2  *  ^  ^  ^ 


(A.3) 


P;fei2(^)  =  Poe[y"(0)y"*(0)k] 


1  exp  (-aTj)Pl.P"8[y"(-;)y'’*(0)k1 


(A.4) 


After  introducing  the  random  correlation  field 


(A.  5) 


J  l>  J  2 


Plj  i  )y''  *("j2)U“^ . 


(A  6) 


one  finds  that 


8[U'(.f)l]  (-«7’[ji  +  >2])  •  (A.T) 

;  ■>  1*^2  ^  I  2 


Preceding  Page  Blank 


and 


£Ltr2[/f(f)Q]] 


4  §  exp  {-aT[j.  +jJ)  •  8  [Mr"  JMr"  „)] 

^  ^  ■'i'  -'2'" 


(A.8) 


Thus  to  evaluate  the  probability-of-error  expression,  one  must  com¬ 
pute  the  autocorrelation  function  of  the  random  correlation  field  r"  .  . 

Jl'J2 

Since 


y"  i-j) 

CO 

=  /  y(t)  exp  {-ilrrf  t)p{t  +  +  jT)dt 

-oo  "  '' 

=  f  y{t)h'](t)dt 

-00  J 

(A.9) 

where  the  channel 

output 

yit) 

=  /  H(f,/)X(/)  exp  {i2nft)df  +  n{t)  , 

-00 

(A. 10) 

the  random  correlation  field 


[ 

“  *l’/2  “  fl^  dt^dt^df^df^ 


*  [s  -  tOk",  U,)bfu,)dt^dt. 


pn  pn 

-ji  -h  1 


//  S„{\,r)\fj  {r,k)  ‘  (//  {r,k)dTdk 


h  .  x’ 


h')  X* 
^  2 


+  /  5  (/)H"  (/)Hf(/)cf/ 
-00  "  J  1  J  2 


(A.ll) 


where  the  scattering  function  of  the  channel  is 


S„{k,r)  =  ^  crH{k  -  k.)B{r  -  r.) 


k  =  l 


(A. 12) 


the  spectrum  of  the  additive  noise  is 

\No> 


i  0. 


/  >  0 
/  <  0 


(A. 13) 


ths  c  ross- atnbigui  ty  function  of  x(t)  and  y  (t) 


exp  {-i2nK)  dt 


(A.  14) 


and  the  Fourier  transform  of  hT' ( f )  is  Because  of  thespecial  nature 
of  the  channel  scattering  function  and  the  spectrum  of  the  additive  noise, 
the  correlation  field 


]  I’J  2 


=  P".  PV  J 

"■'1  ■■'2^ 


j .  y  2  ^1  ^2 


(A. 15) 


Because  the  matched  filters  of  the  receiver  are  orthogonal,  i.e.. 


h'!  h" 
^  1  ! 


(0,0) 


the  correlation  field 


j  I  "  j  2 
i  I  ^  J  2 


j  2  ’ 


r" 

3  2 


K 


J  j-J  2  *  ,7,  '"‘■-/f -/2'h;  X* 

3  1 


3  2 


(A. 16) 


(A.17) 


The  essential  problem  remaining  in  the  computation  of  the  autocorrela 

tion  function  of  r'J  is  the  evaluation  of 

3  l>3  2 


Pi. ip  (r,A) 

3  h"  X* 
i 


exp  (-i27rXi)  dt  j 


(A.  18) 


however,  by  using  the  definition  of  x(t)  [Eq.  (11)  of  Refx  l] ,  one  finds 
that 


and  by  making  the  substitutions 


t  n  ^ 

t  +  -2  +  -  T,  L 

2  2  ^ 


-j  -  i 


m,  =  n  -  m, 


one  finds  that 


(t-.M  = 

■'  X* 

J 


exp^-vnkr  +  i27/  /^  +  — jr  +  ilTTkTj  + 
•  exp 


{^i27Tj[r-t^  +vn[T-t^+  IT)  k  +  — 


(A. 20) 


After  performing  the  integration  in  Eq.  (A. 20),  one  finds  that 

{jT*  („)  j 

'  exp exp  ^-i277  ^  [r  -  t^] 


dr  -  t.  +  IT,  k  +  -  , 


(A. 21) 


where 


exp  ( inkr) 


(^nkT  |l 


'/'(r,  A) 


ttAT  fl  -  - 
L  T 


.  -  <  1 
T 


0,  ^  >1  , 


(A. 22) 
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and  thus  the  random  correlation  field 


r"  .  =  TNqS  _  +  TE  I  exp  (i27Tk.T[j.  -  j,]) 

j  I.J2  “  n  •'  2  ii!  =  l  ''  ^  ^  ^ 


Jj.jUj.  -'l  l  ^2  ^2  ^  41  •'l  *1  "■'2~'2j 

I  2>i«2 

/  1712  ^ 

(  ~i2rr  — - -  [r  -  tj 


^  fi  iJi  *  n  n  ft«i 

+  i[cb  1-0  2] 


exp 


(A.23) 


For  convenience  in  interpreting  later  results,  it  is  instructive  to 
compute  the  mean  of  the  correlation  field 


SCr"  .  ] 
1'  2  2 


ET 


-  —  (1  +  S  )  2  0-2  |t/»(r  x  )j  ♦  exp  ii2nij  -  j  ]\T  ) 
2  J 1  J  2  k  =  i 


J  rj  2 


+  S.  _  7/VJ  +  ET  1  crl 


£  li/»(r,  +  IT,  +  — ^  1 


fe  =  l  "  («.n)?«(0,0) 


(A. 24) 


In  the  above  expression,  the 


K 


(1/2)  ET  (!+§._,)  2  ... 

■'l  ^2  fe  =  i 


term  results  form  the  signal  portion  of  r"  .  ;  the  Nr^TB  .  .  term  results 

J  l>  J  2  •'  1  •'  2 

form  the  additive- noise  portion  of  r"  .  ;  and  the 

;  1 . ;  2 


S.  .  ET  1  al  ... 
}  I  J  2  k=l  l' 


term  results  from  the  dispersive  self-interference  portion  of  r"  .  . 

^  1 . ;  2 

Using  Eq.  (A. 24),  one  can  also  compute 
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^ik,A^)]  =  2  exp  (-aT[j  +  Jf’  ])£[r"  ] 

Il'=l  '  >  \  •  ‘  1 

J  \  ‘  1  2  ^  1  ^ 


and 


exp  (2aT)  -  1 


exp  (aT)E  Z  cr^\ip{rj^,Kf^) 


k  =  1 


exp  (ocT)  -  cos  i2vk,T) 


exp  (2ocT)  -  2  exp  (cdT)  cos  {2tt\  T)  +  1 
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+  Nf.  +  E  Z  af  Z  I'i’i'^t.  m 

°  ii  =  l  *  (J.n)7i(0, 0)1^1  ^  '  k  f 


m  X 


(A. 25) 
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v,Lro  ^  0J 
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^  ET  1  erf 

k  =  l  (l,»i)l'(0,0) 
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t//K  +  \  + 


m\  1 2 


(A. 26) 


It  can  also  be  readily  verified  that 


e[roqtr{/f(aQ}J  =  ET  1- crll^ir^,  \)\^ 

k^l 


exp  (ttT)  cos{2vK,T)  -  1 


exp  (2<xT)  -  2  exp  (aT)  cos  {2jrk,T)  +  1 


(A.27) 


By  neglecting  terms  that  are  smaller  than  the  dispersive  self¬ 
interference  terms  (and  assuming  e°'^  =  1),  it  can  be  shown  that  for 
jj  and  i2  >  0 

S[r"o  .r"  “r"  o**"  .  ]  “  2(1  +  8.  _,)8[r"  o]8[r"  J 


(A.28) 
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and 


8[lm{r"  „}] 

J  \  t  ^  /  A  *  V 


1  +  ^>  _  )£[r"  0^  *  0^ 

J  I  J  2  ■'  1'  °  ^  2'  '' 


and  thus 


e[\m\]  =  s[fe22(^)] 
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Ie2-^  -  1 


^0  ^ 
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anc 
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(A. 29) 


(A. 30) 


(A.3\) 
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APPENDIX  B 


For  a  BAPSK  system  with  time  guard  band,  the  transmitted  signal  is 
given  by  Eq.  (94)  of  Ref.  1.  It  can  be  readily  verified  that  Eqs.  (A.l) 
through  (A. 18)  of  Appendix  A  are  valid  for  a  BAPSK  system  with  time  guard 
band  if  one  uses 


•  ip{r  +  ylT,  A  +  mT)  ,  (B.  1) 


where  the  constant 


Thus  the  random  correlation  field  for  a  BAPSK  system  v/ith  time  guard  band 
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In  Sec.  (IV)  of  this  report,  it  is  shown  that  the  conditional  prob¬ 
ability  of  error  for  a  BAPSK  system  with  perfect  Dth  -order  diversity  is 


PAD,^) 


r^D) 


rm)  //.  -  n  1  \  .  A  .  V£)\- 

/=o  \  j  / 


:  (B.8) 


thus  the  conditional  probability  of  error  for  the  basic  BAPSK  system 


PJ^)  =  PJl.O  =  1 


^i(^) 


Ki^) 


(B.9) 


Using  (1  -  ^2 =  1  ~  Pj(^)  and  the  binomial  expansion  theorem, 
one  can  easily  show  that 


,  “i‘  (« -  1  -  "1'  I”  I  A -PM) 

*  r2(D)  ^=0  \j  I  j)  [  ^=0  \  fe 


rjm  /z.  -  iVfl  .  A  f  ,, 

r^{D)  \  ./  /\  ^  /  ^  J 


^  rjm  - /o  -  i\  ^  1  .  -WO  * 

r^{D)  }=^\J/  ^  j  k^o  \  k  /I 


(B.  10) 

however,  it  can  readily  be  verified  that  the  second  term  is  zero,  and  thus 


=  f<£^>  T  T  (" :  A I  A  ■  iPM)P' 

rHo)  \  J  /  \  ^  +  J 


(B.ll) 


By  letting 
finds  that 


-  D  and  by  interchanging  the  order  of  summation,  one 
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P,iD,^) 


As  particular  examples, 

P(2.^)  =  3p2(a-2Pj(^) 

=  lOPli^)  -  15P*{0  +  6P5(^) 

P,(4,^)  =  35P^^(^)  -  84Pf{^)  +  70Pj(^)  -  20P;(f) 

P^(5,^)  =  126P5(^)  -  420Pf(^)  +  540Pj(^)  -  315Pj(^)  +  70P^^^)  , 

and 

P  (6.f)  =  462P®{^)  -  1980P;(^)  +  3465P®(f)  -  3080p5(f) 

+  1386P;°(^)  -  252PJM^)  .  (B.IS) 
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